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This paper models the dynamic process through which a large society may succeed in 
building up its “social capital” by establishing a stable and dense pattern of interaction 
among its members. In the model, agents interact according to a collection of infinitely 
repeated Prisoner’s Dilemmas played on the current social network. This network not 
only specifies the playing partners but, crucially, also determines how relevant strategic 
information diffuses or new cooperation opportunities are found. Over time, the 
underlying payoffs randomly change, i.e. display some “volatility”, which leads agents 
to react by creating new links and removing others. The process is ergodic, so we use 
numerical simulations to “compute” its long-run invariant behavior and obtain the 
following conclusions: (a) Only if payoff volatility is not too high can the society 
sustain a dense social network. (b) The social architecture endogenously responds to 
increased volatility by becoming more cohesive. (c) Network-based strategic effects are 
an essential buffer that preclude the abrupt collapse of the social network in the face of 
growing volatility. These conclusions, largely in tune with those of the social-capital 
literature, are further studied analytically in a companion paper through the use of 
mean-field techniques. 
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Wkh qhwzrun ri djhqw lqwhudfwlrq +wkh vrfldo qhwzrun/ iru vkruw, lv wkh edfnerqh
rq zklfk dq hfrqrplf v|vwhp rshudwhv1 Lwv uroh lv wzr0irog1 Rq wkh rqh kdqg/ ri
frxuvh/ lw ghwhuplqhv krz djhqwv frph lqwr frqwdfw wr fduu| rxw wkhlu hfrqrplf
dfwlylwlhv1 Exw/ frpsohphqwdu| wr wklv/ wkh vrfldo qhwzrun dovr pdsv krz wkh
uhohydqw lqirupdwlrq xqghuo|lqj wkrvh dfwlylwlhv  rzv dprqj wkh djhqwv1 D
surshu xqghuvwdqglqj ri pdq| hfrqrplf skhqrphqd/ wkhuhiruh/ uhtxluh d jrrg
judvs ri wkh uhflsurfdo lqwhusod| ehwzhhq qhwzrun dufklwhfwxuh dqg hfrqrplf
ehkdylru/ suhihudeo| dssurdfkhg lq d g|qdplf vfhqdulr1
Lq sulqflsoh/ wkh vrfldo qhwzrun vkrxog eh frqfhlyhg dv dq hqgrjhqrxv rxw0
frph ri djhqwv* ghflvlrqv/ pxfk lq wkh vdph zd| dv dq| rwkhu hfrqrplf fkrlfh1
Qhwzrunlqj ghflvlrqv/ krzhyhu/ duh sduwlfxoduo| lqwhuhvwlqj lq wkdw wkh| glvsod|
wkh iroorzlqj wzr ihdwxuhv=
+l, wkh| duh ￿lqvwuxphqwdo￿ lqyhvwphqw ghflvlrqv/ vxemhfw wr wkh frqvlghud0
wlrqv ri frvw/ h{shfwdwlrqv/ dqg ghsuhfldwlrq1
+ll, Wkh| surgxfh xqlqwhqghg odujh h{whuqdolwlhv +lqirupdwlrqdo dqg rwkhuzlvh,
rq rwkhu djhqwv1
Wkh deryh vxjjhvwv frqvlghulqj wkh judgxdo exlogxs ri wkh qhwzrun dv dq
dffxpxodwlrq ri vrfldo fdslwdo1 Wkh whup ￿vrfldo fdslwdo￿ kdv ehhq xvhg lq uhfhqw
wlphv zlwk d ydulhw| ri gl￿huhqw phdqlqjv/ vrph ri wkhp shukdsv wrr ydjxh ru
ghyrlg ri rshudwlrqdo frqwhqw14 Khuh/ L irfxv rq rqh ri wkh prvw zlgho| djuhhg
lqfduqdwlrqv ri wklv frqfhsw1 L lghqwli| wkh vwrfn ri vrfldo fdslwdo hqmr|hg e| d
fhuwdlq frppxqlw| zlwk wkh ghqvlw| dqg vwdelolw| ri lwv vrfldo qhwzrun1 Wklv/
ri frxuvh/ lv prwlydwhg e| wkh lpsolflw dvvxpswlrq wkdw vrph ghqvh dqg vwdeoh
lqwhudfwlrq kdv srvlwlyh zhoiduh lpsolfdwlrqv/ dqg vkrxog w|slfdoo| eh fruuhodwhg
zlwk kljk ryhudoo sd|r￿v1 +Dgplwwhgo|/ wklv dvvxpswlrq pd| qrw vxlwdeoh iru
vrph dssolfdwlrqv/ dv vwuhvvhg/ iru h{dpsoh/ e| Gxuodxi +4<<<,1,
Wr dgguhvv wkh diruhphqwlrqhg lvvxhv lq d vlpsoh dqg sdudgljpdwlf frqwh{w/
L sursrvh d prgho zkhuh sod|huv duh lqyroyhg lq d froohfwlrq ri sdluzlvh Lq￿qlwho|
Uhshdwhg Sulvrqhu*v Glohppdv +LUSG,1 Hyhu| sdlu ri djhqwv gluhfwo| olqnhg e|
wkh vrfldo qhwzrun sod| dq lglrv|qfudwlf yhuvlrq ri wklv jdph +l1h1 frrshudwlrq
dqg uhodwlyh rssruwxqlvwlf jdlqv w|slfdoo| gl￿hu dfurvv sdluv,1 Wkhvh jdphv duh
sod|hg lqghshqghqwo|/ lq wkh vhqvh wkdw wkh fkrlfhv pdgh lq hdfk ri wkhp +fr0
rshudwlrq ru ghihfwlrq, duh dgrswhg lqghshqghqwo| dw hdfk vwdjh e| wkh sod|huv
lqyroyhg1 Wkh gl￿huhqw jdphv/ krzhyhu/ duh qrw vwudwhjlfdoo| lqghshqghqw vlqfh
wkh ehkdylru ri d sod|hu lq rqh ri wkh jdphv vkh sod|v fdq eh pdgh ghshqghqw
rq zkdw kdv suhylrxvo| kdsshqhg lq rwkhu jdphv15 Vxfk lqirupdwlrq rq sdvw
4Hyhq wkrxjk wkh frqfhsw kdv d orqjhu klvwru|/ lw zdv Mdphv Frohpdq +vhh Frohpdq +4<;;,,
zkr irfxvhg wkh dwwhqwlrq ri wkh vrflrorjlfdo/ dqg wkhq hfrqrplf/ olwhudwxuh rq wkh qrwlrq ri
vrfldo fdslwdo1 Iru d jrrg dqg uhfhqw ryhuylhz rq wkh xvh dqg srvvleoh plvxvh ri wklv frqfhsw/
vhh Zrrofrfn +5333,/ zkrvh glvfxvvlrq prvwo| irfxvhv rq ghyhorsphqw lvvxhv1
5Wklv ihdwxuh ri wkh prgho lv uhplqlvfhqw ri wkh zhoo0nqrzq sdshu ri Ehuqkhlp dqg Zklq0
vwrq +4<<3,/ zklfk h{soruh wkh lpsolfdwlrqv iru frooxvlrq ri pxowl0pdunhw vwudwhjlf lqwhudfwlrq1
Wkh uhodwlrqvkls zlwk wklv zrun lv glvfxvvhg lq vrph ghwdlo lq Vhfwlrq 91
5ehkdylru/ krzhyhu/ lv qrw dvvxphg wr gl￿xvh lqvwdqwdqhrxvo|1 Udwkhu/ lw lv vxs0
srvhg wr ￿wudyho￿ judgxdoo| +rqh vwhs2olqn dw d wlph, dorqj wkh qhwzrun1 Ri
frxuvh/ rqo| zkhq lw duulyhv wr dq| sduwlfxodu sod|hu fdq wkh odwwhu*v fkrlfh eh
d￿hfwhg e| lw ￿ vd|/ wuljjhulqj d sxqlvkphqw wr d wkhq0uhyhdohg ghihfwru1
Lq wklv frqwh{w/ lw lv dssduhqw wkdw wkh udqjh ri lqfhqwlyh0frpsdwleoh eh0
kdylru wkdw fdq eh vxssruwhg lq wkh lq￿qlwho| uhshdwhg srsxodwlrq jdph pxvw
eh fuxfldoo| ghshqghqw rq wkh dufklwhfwxuh ri wkh xqghuo|lqj qhwzrun1 Dqg
uhflsurfdoo|/ ri frxuvh/ wkh sduwlfxodu qhwzrun wkdw vkrxog suhydlo ￿ pruh vshfli0
lfdoo|/ zklfk olqnv zloo eh iruphg dqg zklfk uhpryhg ￿ dovr kdv wr ghshqg rq
wkh sd|r￿v wkdw fdq eh hduqhg lq dq lqfhqwlyh0frpsdwleoh idvklrq1 Wr irupdol}h
wkhvh frqvlghudwlrqv/ L gh￿qh wkh qrwlrq ri Sdluzlvh0Vwdeoh Qhwzrun +SVQ,/ wkdw
frpelqhv vwdqgdug lghdv iurp wkh olwhudwxuh rq uhshdwhg jdphv zlwk wkh frqfhsw
ri sdluzlvh vwdelolw| irxqg lq wkh pdwfklqj dqg qhwzrun0irupdwlrq olwhudwxuhv1
Lqirupdoo|/ d SVQ lv d qhwzrun lq zklfk hdfk ri lwv h{wdqw olqnv vxssruwv elodw0
hudo frrshudwlrq zkhq hyhu| sod|hu xvhv rswlpdo wuljjhu vwudwhjlhv lq doo ri khu
+uhshdwhg, lqwhudfwlrqv1
Wkh ￿uvw wdvn xqghuwdnhq lq wkh sdshu lv wr fkdudfwhul}h wkrvh qhwzrunv wkdw
txdoli| dv SVQ1 L ￿qg wkdw udwkhu ￿qh ghwdlov ri wkh dufklwhfwxuh ri wkh qhwzrun
duh lpsruwdqw wr xqghuvwdqg sdluzlvh vwdelolw|1 Iru h{dpsoh/ d nh| idfwru vxs0
sruwlqj wkh vwdelolw| ri d olqn ehwzhhq wzr sod|huv klqjhv xsrq wkh h{lvwhqfh ri
rwkhu ￿ydoxdeoh￿ qhljkeruv zkr frxog sxqlvk d ghyldwlrq zlwkrxw pxfk ghod|
+ehfdxvh wkh| duh ￿forvh￿ wr erwk sod|huv,1 Lq rwkhu zrugv/ vrph phdvxuh ri
qhwzrun frkhvlyhqhvv +ru jhqhudol}hg foxvwhulqj, lv w|slfdoo| lpsruwdqw lq vxs0
sruwlqj qhwzrun vwdelolw|1
Wkh hvvhqwldo dssurdfk ri wkh sdshu/ krzhyhu/ lv qrw vwdwlf +l1h1 frqfhuqhg
zlwk htxloleuld shu vh, exw g|qdplf1 Wkh dlp/ wkhuhiruh/ lv wr vkhg oljkw rq krz
wkh lqwhusod| ehwzhhq frrshudwlrq dqg olqn irupdwlrq vkdsh wkh vrfldo qhwzrun
ryhu wlph1 Wr dgguhvv wkhvh frqfhuqv/ L srvwxodwh d srsxodwlrq dgmxvwphqw
surfhvv wkurxjk zklfk djhqwv judgxdoo| dgdsw wkhlu ehkdylru wr wkh fkdqjlqj
flufxpvwdqfhv ri wkhlu hqylurqphqw1 Wklv surfhvv/ zklfk lv wdnhq wr surfhhg rq
d ￿vorz￿ wlph vfdoh uhodwlyh wr wkh udwh dw zklfk wkh vwdjh jdph lv uhshdwhg/
frqvlvwv ri wkh iroorzlqj wkuhh frpsrqhqwv1
41 Xsgdwh ri sd|r￿ frqglwlrqv1 Wkh sd|r￿v ri h{lvwlqj olqnv duh fkdqjhg +uh0
gudzq diuhvk, zlwk vrph lqghshqghqw suredelolw|/ vd| %A3= Wklv sured0
elolw| ￿ d nh| sdudphwhu ri wkh prgho ￿ lv lqwhusuhwhg dv d vw|ol}hg phdvxuh
ri hqylurqphqwdo yrodwlolw|1
51 Vhdufk dqg olqn fuhdwlrq1 Hdfk sod|hu uhfhlyhv/ zlwk vrph lqghshqghqw
suredelolw|/ wkh rssruwxqlw| ri iruplqj rqh iuhvk qhz olqn1 Lq wkdw hyhqw/
vkh revhuyhv wkh uhohydqw sd|r￿ lqirupdwlrq frqfhuqlqj wkh sod|huv vkh
￿nqrzv￿ ￿ l1h1 wkrvh lq khu qhwzrun frpsrqhqw ￿ dv zhoo dv/ rffdvlrqdoo|/
ri vrph rwkhu vkh grhv qrw nqrz +l1h1 d iruphu ￿vwudqjhu￿ zlwk zkrp vkh
kdg qr qhwzrun sdwk,1
61 Uhprydo ri xqvwdeoh olqnv1 Wkrvh olqnv zklfk fdqqrw vxssruw frrshudwlrq
+l1h1 gr qrw lqgxfh elodwhudo lqfhqwlyhv iru lw, duh holplqdwhg1
6Wkh deryh odz ri prwlrq lv vkrzq wr lqgxfh d vwrfkdvwlf surfhvv zklfk lv
hujrglf1 Lwv orqj0uxq ehkdylru/ wkhuhiruh/ lv vxppdul}hg xqlyrfdoo| +l1h1 lqghshq0
ghqwo| ri lqlwldo frqglwlrqv, e| lwv xqltxh lqyduldqw glvwulexwlrq1 Wklv lqyduldqw
glvwulexwlrq pd| eh fkdudfwhul}hg lq vrph sduwlfxodu vfhqdulrv ￿ iru h{dpsoh/
zkhq wkh vxssruw ri dgplvvleoh sd|r￿v lv orz ru zkhq wkh sd|r￿ hqylurqphqw lv
vwdeoh +% @3 , = Wkhvh fdvhv uhsuhvhqw xvhixo ehqfkpdunv ri frpsdulvrq/ exw wkh|
duh qrw wkh prvw lqwhuhvwlqj1 Lq jhqhudo/ krzhyhu/ dq dqdo|wlfdo fkdudfwhul}dwlrq
ri wkh orqj0uxq glvwulexwlrq ru lwv gluhfw frpsxwdwlrq iru vshfl￿f vhwxsv vhhpv
xqihdvleoh1 Exw/ e| yluwxh ri hujrglflw|/ wkhuh lv dqrwkhu urxwh srvvleoh= orqj0uxq
lqyduldqw pdjqlwxghv ri dq| yduldeoh ri lqwhuhvw fdq eh ￿frpsxwhg￿ lqgluhfwo|
wkurxjk vlpxodwlrqv iru dq| jlyhq vhwxs1 Wklv iroorzv iurp wkh idfw wkdw/ dorqj
dq| vlpxodwlrq sdwk/ wkh hpslulfdo dyhudjhv frpsxwhg ryhu wlph pxvw frqyhujh
doprvw vxuho| wr wkh wkhruhwlfdo phdqv lqgxfhg e| wkh lqyduldqw glvwulexwlrq1
Lq wkh suhvhqw sdshu/ L uho| rq vxfk d qxphulfdo dssurdfk wr xqghuvwdqg wkh
orqj0uxq ehkdylru dqg wudgh0r￿v frqfhuqlqj wkh iroorzlqj nh| yduldeohv ri wkh
prgho=
￿ qhwzrun ghqvlw|/ dv jlyhq e| wkh dyhudjh ghjuhh +ru frqqhfwlylw|, ri wkh
djhqwv1
￿ qhwzrun frkhvlyhqhvv/ dv uh hfwhg e| wkh dyhudjh glvwdqfh ehwzhhq wkh
qhljkeruv ri dq| jlyhq qrgh1
￿ qhwzrun vsdq/ dv hperglhg e| wkh vl}h ri wkh qhwzrun frpsrqhqwv1
￿ sd|r￿ shuirupdqfh/ dv phdvxuhg e| wkh dyhudjh sd|r￿ hduqhg shu lqwhu0
dfwlrq1
Wkh pdlq uhjxodulwlhv revhuyhg fdq eh vxfflqfwo| dgydqfhg dv iroorzv1
+d, Wkh orqj0uxq ghqvlw| ri wkh qhwzrun ghshqgv qhjdwlyho| rq %> wkh h{whqw
ri sd|r￿ yrodwlolw|1 Vr kdsshqv dv zhoo zlwk wkh dyhudjh sd|r￿ shu olqn/
zklfk lpsolhv wkdw yrodwlolw| lv ghwulphqwdo erwk iru wkh dffxpxodwlrq ri
vrfldo fdslwdo dv zhoo dv iru lwv uhwxuq1
+e, Dv sd|r￿ yrodwlolw| ulvhv/ wkh srsxodwlrq*v +xqfrruglqdwhg, dgmxvwphqw kdv
wkh hqgrjhqrxv +vlgh, h￿hfw ri lqfuhdvlqj wkh frkhvlyhqhvv ri wkh vrfldo
qhwzrun dqg wkxv sduwldoo| r￿vhwwlqj wkh qhjdwlyh lpsdfw1
+f, Zkhqhyhu wkh vrflhw| lv deoh wr vxvwdlq d ghqvh vrfldo qhwzrun/ lwv dufkl0
whfwxuh glvsod|v d kljk vsdq ￿ lq sduwlfxodu/ lw lqfoxghv d frpsuhkhqvlyh
￿odujhvw frpsrqhqw￿ wkdw lqfoxghv doprvw doo frqqhfwhg lqglylgxdov zlwk
dq| vrfldo fdslwdo1
+g, Wkh kdupixo h￿hfwv ri yrodwlolw| duh vwurqjo| plwljdwhg e| wkh vwudwhjlf
ghwhuuhqfh rq rssruwxqlvwlf ehkdylru dydlohg e| wkh vrfldo qhwzrun1 Li/
fhwhulv sdulexv/ hyhu| elodwhudo LUSG jdph zhuh sod|hg lqghshqghqwo|/
wkrvh h￿hfwv zrxog eh pxfk vwurqjhu dqg pdwhuldol}h deuxswo|1
7Wkh deryh frqfoxvlrqv xqghuvfruh wkh srlqw wkdw d ￿vwdeoh hqylurqphqw￿ +l1h1
rqh zkhuh djhqwv* sd|r￿ frqglwlrqv gr qrw fkdqjh wrr idvw, lv jhqhudoo| dq lp0
sruwdqw uhtxluhphqw iru d vxffhvvixo dffxpxodwlrq ri vrfldo fdslwdo1 Lq dgglwlrq/
wkhuh duh rwkhu lpsruwdqw lqvljkwv shuwdlqlqj wr wkh zd| lq zklfk wkh dufklwhf0
wxuh ri vrfldo lqwhudfwlrq uhvsrqgv hqgrjhqrxvo| wr fkdqjhv lq wkdw hqylurqphqw1
Lq d qxwvkhoo/ wkh hvvhqwldo wzr ihdwxuhv ri wkh qhwzrun wkdw ehdu rq wklv lvvxh
duh frkhvlyhqhvv dqg vsdq1 Iluvw/ frqfhuqlqj frkhvlyhqhvv/ rqh ￿qgv wkdw wkh
qhwzrun ehfrphv pruh frkhvlyh dv wkh hqylurqphqwdo yrodwlolw| lqfuhdvhv1 Lq0
wxlwlyho|/ wklv pd| eh lqwhusuhwhg dv wkh +xqfrruglqdwhg, zd| lq zklfk vrflhw|
hqkdqfhv wkh ￿vwudwhjlf ohyhudjh￿ ri qhwzrun h￿hfwv dqg wkxv pdlqwdlqv frrs0
hudwlrq lq wkh idfh ri kljkhu yrodwlolw|1 Lqfuhdvhg frkhvlyhqhvv/ krzhyhu/ lv qrw
dfklhyhg dw wkh frvw ri d qduurzhu qhwzrun vsdq1 Wkh odwwhu lv nhsw dv zlgh
dv srvvleoh/ zlwk doprvw doo lqglylgxdov zkr duh qrw lvrodwhg +l1h1 kdyh vrph
vrfldo fdslwdo, ehorqjlqj wr d vlqjoh jldqw frpsrqhqw1 Wkh lqwxlwlyh edvlv iru
wklv frqfoxvlrq vkrxog eh fohdu= e| suhvhuylqj d zlgh qhwzrun vsdq/ vhdufk uh0
pdlqv dq h￿hfwlyh wrro djdlqvw yrodwlolw| e| doorzlqj iru txlfn dgdswdwlrq wr
hqylurqphqwdo fkdqjhv1
Lq vxp/ wkhuhiruh/ wkh jhqhudo wkhph vwuhvvhg e| wkh sdshu lv wkdw qhwzrun
vwudwhjlf h￿hfwv sod| dq lpsruwdqw vrfldo uroh lq wkh idfh ri yrodwlolw|1 Wr jdlq
vrph ixuwkhu xqghuvwdqglqj rq wklv skhqrphqrq/ wkh sdshu dovr uholhv rq phdq0
￿hog dqdo|wlfdo whfkqltxhv zlgho| xvhg lq vwdwlvwlfdo sk|vlfv iru wkh vwxg| ri
frpsoh{ v|vwhpv1 Yhu| vfkhpdwlfdoo| ghvfulehg/ wkh dlp ri phdq0￿hog dqdo|vlv
lv wr irupxodwh d vw|ol}hg ￿prgho￿ ri wkh ruljlqdo prgho zkhuh wkh udqgrpqhvv
dqg plfur0ghwdlo ri wkh odwwhu lv uhsodfhg e| wkh h{shfwhg +dqg wkhuhiruh gh0
whuplqlvwlf, prwlrq ri d vxlwdeo| uhsuhvhqwdwlyh frqvwuxfw1 Khuh/ L uhvwulfw wr
wkh vlpsol￿hg dssurdfk dorqj wkhvh olqhv xqghuwdnhq lq Yhjd0Uhgrqgr +5335,/
zklfk kdv ehhq ghyhorshg lq Pduvlol/ Yhjd0Uhgrqgr/ dqg Vodqlqd +5336, wr hq0
mr| ehwwhu irxqgdwlrqv dqg hqfrpsdvv dgglwlrqdo skhqrphqd1 Dv lw wxuqv rxw/
wkh txdolwdwlyh lpsolfdwlrqv ri wkh phdq0￿hog iudphzrun dsshdu wr eh lq hvvhq0
wldo dffrugdqfh zlwk wkh qxphulfdo vlpxodwlrqv dqg dovr vkhg xvhixo oljkw rq d
qxpehu ri lqwhuhvwlqj lvvxhv1
Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Qh{w/ Vhfwlrq 5 suhvhqwv wkh
prgho ￿ ￿uvw/ lwv vwdwlf yhuvlrq lq Vxevhfwlrq 514/ wkhq lwv g|qdplf frxqwhu0
sduw lq Vxevhfwlrq 5151 Wkh dqdo|vlv ri wkh prgho vwduwv lq Vhfwlrq 6 zlwk wkh
fkdudfwhul}dwlrq ri sdluzlvh0vwdeoh qhwzrunv1 Lw surfhhgv zlwk wkh g|qdplfv lq
Vhfwlrq 7/ zklfk frqvlvwv ri wzr vxevhfwlrqv= Vxevhfwlrq 714/ wkdw hvwdeolvkhv
vrph edvlf g|qdplf uhvxowv +h1j1 wkh hujrglflw| ri wkh surfhvv,/ dqg Vxevhfwlrq
715 wkdw frqwdlqv wkh exon ri rxu qxphulfdo dqdo|vlv1 Lq wklv odwwhu vxevhfwlrq/
wkh glvfxvvlrq vwduwv zlwk d ehqfkpdun vfhqdulr/ iroorzhg e| wkh frqvlghudwlrq
ri d qxpehu ri h{whqvlrqv dqg yduldqwv1 Qh{w/ lq Vhfwlrq 8/ d vlpsoh phdq0￿hog
dqdo|vlv ri wkh prgho lv shuiruphg/ frpsdulqj lwv frqfoxvlrqv zlwk wkh qxphu0
lfdo vlpxodwlrqv1 Ilqdoo|/ lq Vhfwlrq 9 wkh uhodwhg olwhudwxuh lv uhylhzhg/ zkloh
Vhfwlrq : r￿huv vrph frqfoxglqj uhpdunv dqg d qxpehu ri srvvleoh frxuvhv iru
ixwxuh uhvhdufk1




Ohw Q @ i4>5>===>qj eh d ￿qlwh srsxodwlrq ri djhqwv zkr lqwhudfw lq sdluv dv
uh hfwhg e| wkh suhydlolqj vrfldo qhwzrun1 Hdfk sdlu ri lqwhudfwlqj djhqwv/ l/
m 5 Q/ lv lqyroyhg lq dq lq￿qlwh uhshwlwlrq ri d Sulvrqhu*v Glohppd +SG, zlwk
lglrv|qfudwlf sd|r￿v jlyhq e| wkh wdeoh
m
l F G
F ￿lm ￿lm ￿ ￿
G ￿lm . ￿ 3
+4,
zkhuh ￿A￿ lm+@ ￿ml, A 31 Dv fxvwrpdu|/ F dqg G zloo eh odehoohg dv ￿Frrshu0
dwh￿ dqg ￿Ghihfw/￿ uhvshfwlyho|1 Wkxv/ wkh sd|r￿ ￿lm rewdlqhg e| erwk sod|huv
li wkh| mrlqwo| frrshudwh lv lm0vshfl￿f dqg/ lq wkh g|qdplf iudphzrun wr eh frq0
vlghuhg odwhu rq/ lw zloo fkdqjh ryhu wlph1 Iru vlpsolflw|/ wkh sd|r￿ ri mrlqw
ghihfwlrq lv qrupdol}hg wr }hur/ zkhuhdv lq fdvh ri d xqlodwhudo ghihfwlrq wkh
jdlq ￿ rewdlqhg e| wkh ghihfwru ryhu ￿lm lv pdgh htxdo wr wkh orvv lqfxuuhg khu
sduwqhu1
Wkh sdwwhuq ri elodwhudo lqwhudfwlrq +l1h1 zklfk sdluv ri djhqwv dfwxdoo| sod|,
lv vshfl￿hg e| wkh vrfldo qhwzrun1 Wklv qhwzrun lv wkh uhvxow ri sod|huv* frq0
qhfwlqj ghflvlrqv/ zklfk duh fdswxuhg e| d fhuwdlq gluhfwhg judsk ￿ j ￿ Q ￿ Q>
zkhuh wkh qrghv duh wkh sod|huv dqg hdfk gluhfwhg olqn +l>m, 5 ￿ j uhsuhvhqwv wkh
ghflvlrq ri sod|hu l wr frqqhfw wr sod|hu m= Vlqfh/ lq htxloleulxp/ djhqwv* sd|r￿v
pxvw dozd|v eh qrq0qhjdwlyh +vhh Vhfwlrq 6,/ lw lv frqyhqlhqw wr vxssrvh wkdw
hyhu| olqnlqj ghflvlrq ohdgv wr sod| dqg wkhuhiruh wkh vrfldo qhwzrun lqgxfhg e|
￿ j lv vlpso| wkh xqgluhfwhg judsk j ￿ Q ￿ Q gh￿qhg dv iroorzv=
;l>m 5 Q> +l>m, 5 j +, ^+l>m, 5 ￿ j b +m>l, 5 ￿ j‘=
Wkxv/ iru dq| vxfk qhwzrun j dqg dq| sod|hu l> wkh vhw ri khu qhljkeruv +l1h1 wkh
sod|huv zlwk zkrp l lqwhudfwv, lv vlpso| jlyhq e|=6
Ql ￿i m 5 Q = +l>m, 5 jj
Xvxdoo|/ wkh pruh frpsdfw qrwdwlrq lm +ru ml, zloo eh xvhg wr ghqrwh wkh olqn
ehwzhhq sod|hu l dqg m= Ixuwkhupruh/ zh vkdoo zulwh j￿lm ru j .lm wr uhsuhvhqw
wkh qhwzrunv rewdlqhg iurp j e|/ uhvshfwlyho|/ dgglqj ru uhprylqj d olqn lm=
Dv h{sodlqhg/ jlyhq wkh suhydlolqj qhwzrun j> doo sdluv ri sod|huv l dqg m vxfk
wkdw lm 5 j duh lqyroyhg lq dq Lq￿qlwho| Uhshdwhg Sulvrqhu*v Glohppd +LUSG,
zlwk lglrv|qfudwlf vwdjh sd|r￿v jlyhq e| wkhlu uhvshfwlyh ￿lm ￿f i 1+4,1H d f kr i
wkhvh gl￿huhqw LUSG duh sod|hg ￿lq sdudooho/￿ l1h1 rqh urxqg ri hdfk ri wkhp lv
6Qrwh/ ri frxuvh/ wkdw li E￿c￿￿ M }/ lw iroorzv wkdw E￿c￿￿ M } dv zhoo1
9sod|hg dw hyhu| vwdjh1 Wkh| duh fkrlfh lqghshqghqw lq wkh vhqvh wkdw sod|huv*
ghflvlrqv lq dq| rqh ri wkhp gr qrw uhvwulfw wkh ihdvleoh fkrlfhv dydlodeoh lq
rwkhuv1 Wkh| qhhg qrw eh/ krzhyhu/ vwudwhjlfdoo| lqghshqghqw vlqfh wkh ehkdylru
lq dq| ri wkhp pd| eh frqwlqjhqw rq wkh lqirupdwlrq ri zkdw kdv rffxuuhg lq
rwkhuv/ dv L suhvhqwo| h{sodlq1
Lq wkh odwwhu uhvshfw/ wkh nh| ihdwxuh ri wkh prgho lv wkh dvvxpswlrq wkdw
wkh lqirupdwlrq rq krz sod|huv kdyh ehkdyhg lq wkh sdvw gl￿xvhv wkurxjk wkh
vrfldo qhwzrun rqo| judgxdoo|1 Wr ￿{ lghdv/ vxssrvh wkdw dw hyhu| vwdjh lq zklfk
wzr frqqhfwhg sod|huv lqwhudfw dffruglqj wr wkhlu uhshdwhg jdph/ hdfk ri wkhp
lqirupv wkh rwkhu rqh ri dq| uhohydqw qhzv vkh kdv ohduqhg vlqfh wkh| odvw ￿phw￿
￿ prvw fuxfldoo|/ ri frxuvh/ ri dq| ghyldwlrq e| rwkhu sod|huv iurp qrwlrqdoo|
suhvfulehg ehkdylru1 Wklv/ lq h￿hfw/ lpsolhv wkdw doo vwudwhjlf lqirupdwlrq uh0
txluhg wr vxssruw ghvluhg ehkdylru pxvw ￿wudyho￿ dorqj wkh qhwzrun rqh olqn
dw d wlph1 Wkh dufklwhfwxuh ri wkh qhwzrun/ wkhuhiruh/ pxvw jhqhudoo| kdyh dq
lpsruwdqw ehdulqj rq wkh h{whqw ri frrshudwlrq wkdw wkh srsxodwlrq dv d zkroh
fdq pxvwhu lq dq lqfhqwlyh0frpsdwleoh pdqqhu1
Wr vlpsoli| pdwwhuv/ L srvwxodwh wkdw sod|huv uho| rq wuljjhu vwudwhjlhv1L q
wkh suhvhqw frqwh{w +vhh Uhpdun 4 iru ixuwkhu glvfxvvlrq,/ wklv lv wdnhq wr phdq
wkdw wkh vwudwhjlhv ri dq| jlyhq sod|hu l 5 Q glvsod| wkh iroorzlqj irupdw=
+d, ￿uvw/ sod|hu l fkrrvhv/ vhsdudwho| zlwk hdfk qhljkeru m 5 Ql/ zkhwkhu wr
vwduw wkhlu elodwhudo lm lqwhudfwlrq e| frrshudwlrq ru ghihfwlrq>
+e, vxevhtxhqwo|/ vkh lpphgldwho| uhdfwv wr wkh qhzv wkdw rqh ri khu rzq
qhljkeruv/ vd| m 5 Ql> glg qrw vwduw frrshudwlqj zlwk vrph n 5 Qm e|
￿sxqlvklqj￿ khu/ l1h1 e| vzlwfklqj wr luuhyhuvleoh ghihfwlrq lq wkh fruuh0
vsrqglqj elodwhudo LUSG sod|hg zlwk m1
Qrwh wkdw/ xqghu wkh dvvxpswlrq wkdw hyhu| sod|hu uholhv rq wuljjhu vwudwh0
jlhv/ wkh rqo| vhsdudwh fkrlfhv wkdw vkh idfhv duh wkrvh frqwhpsodwhg lq +d,/ l1h1
zkhwkhu wr vwduw wkh lqwhudfwlrq zlwk hdfk ri khu qhljkeruv e| frrshudwlrq ru
ghihfwlrq1 Rqfh wklv ghflvlrq lv pdgh/ doo hqvxlqj ehkdylru lv wkhq xqdpeljx0
rxvo| ghwhuplqhg e| +e,1 Irupdoo|/ wklv doorzv rqh wr lghqwli| +jlyhq j, d wuljjhu
vwudwhj| ri d sod|hu l dv d pdsslqj v
j
l = Ql $i F>Gj=








wkh  rz ri vwdjh sd|r￿v iru sod|hu l xqlyrfdoo| lqgxfhg e| vj rq wkh olqn lm 5
j= Wkhq/ ghqrwlqj e| ￿ 5 +3>4, wkh frpprq glvfrxqw idfwru glvsod|hg e| doo






ln+vj,= Wkxv/ djjuhjdwlqj dfurvv doo ri sod|hu l*v olqnv/ khu ryhudoo














Ilqdoo|/ ehiruh dgguhvvlqj wkh lvvxh ri qhwzrun vwdelolw|/ lw lv frqyhqlhqw wr




:uhsuhvhqw wkh vwudwhj| sur￿oh zkhuh hyhu| sod|hu vwduwv frrshudwlqj zlwk hdfk ri
khu qhljkeruv1 Rq wkh rwkhu kdqg/ jlyhq dq| sod|hu l dqg rqh ri khu qhljkeruv
m 5 Ql> ghqrwh e| a vj lm
q d wkh prgl￿fdwlrq ri sur￿oh a vj zkhuh sod|hu l vwduwv
e| fkrrvlqj dfwlrq d 5i F>Gj rq khu olqn lm= Wkh edvlf fulwhulrq ri vwudwhjlf
vwdelolw| srvwxodwhg khuh lv hperglhg e| wkh qrwlrq ri Sdluzlvh0Vwdeoh Qhwzrun
+SVQ,1 Lqirupdoo|/ d SVQ vlpso| frqvlvwv ri d qhwzrun zkhuh/ iru hyhu| vhsdudwh
olqn/ wkh wzr sod|huv lqyroyhg kdyh lqfhqwlyhv wr xvh lw iru frrshudwlrq1 Wklv
qrwlrq lpsolflwo| hperglhv wkh lghd wkdw/ xqohvv erwk ri wkh sod|huv frqqhfwhg
e| hdfk olqn fdq vhsdudwho| frq￿up lwv lqfhqwlyhv iru frrshudwlrq/ wkdw olqn zloo
ydqlvk1
Gh￿qlwlrq 4 Dq xqgluhfwhg judsk j ￿ Q ￿ Q l vv d l ge hdSdluzlvh0Vwdeoh
Qhwzrun li iru doo lm 5 j>
￿l+a vj lm
q F, ￿ ￿l+a vj, ￿ ￿l+a vj lm
q G,=
Wr hqg wklv vxevhfwlrq/ wkh iroorzlqj uhpdun fodul￿hv fhuwdlq lqwhuhvwlqj lv0
vxhv frqfhuqlqj wkh xvh ri wuljjhu vwudwhjlhv lq wkh suhvhqw frqwh{w1
Uhpdun 4 ￿ Wuljjhu vwudwhjlhv/ pd{lpdo sxqlvkphqw/ dqg shuihfwlrq=
Dv irupxodwhg/ wkh SVQ frqfhsw gluhfwo| hperglhv wkh dvvxpswlrq wkdw sod|huv
uhvwulfw wr wuljjhu vwudwhjlhv1 Wklv uhvwulfwlrq zdv mxvwl￿hg deryh rq wkh jurxqgv
ri vlpsolflw|1 Exw lq olqh zlwk zhoo0nqrzq uhvxowv rq wkh wkhru| ri uhshdwhg
jdphv +vhh Deuhx+4<;;,,/ d ixuwkhu mxvwl￿fdwlrq pd| eh jurxqghg lq wkh idfw
wkdw wkrvh vwudwhjlhv lqgxfh pd{lpdo sxqlvkphqwv1 Wkh| fdq eh xvhg/ wkhuhiruh/
wr vxssruw dq| lqfhqwlyh0frpsdwleoh ehkdylru1
Wuljjhu vwudwhjlhv/ krzhyhu/ udlvh lq wkh suhvhqw frqwh{w d frqfhswxdo sure0
ohp frqfhuqlqj fuhglelolw| +ru shuihfwlrq,1 Lq sduwlfxodu/ lw lv qrw jhqhudoo|
rswlpdo iru d sod|hu wr sxqlvk d qhljkeru zkhq qhzv derxw wkh odwwhu*v ghyldqw
ehkdylru duulyhv vlqfh/ e| hvfkhzlqj sxqlvkphqw/ lqgh￿qlwh frrshudwlrq pd| eh
vxvwdlqhg1 D qdwxudo zd| wr dgguhvv wklv sureohp lv wr prgli| wkh vwdelolw|
frqfhsw +dqg/ fruuhvsrqglqjo|/ hqulfk wkh vhw ri dgplvvleoh vwudwhjlhv, vr wkdw
dq| srwhqwldo ghihfwru lv jlyhq wkh srvvlelolw| ri dqwlflsdwlqj/ dqg uhdfwlqj rs0
wlpdoo| wr/ hqvxlqj sxqlvkphqw1 D prgl￿fdwlrq dorqj wkhvh olqhv lv rxwolqhg lq
Uhpdun 6/ zkhuh wkh dqdo|vlv lv vhhq wr hperg| pruh frpsoh{ frqvlghudwlrqv
exw qhyhuwkhohvv |lhog dqdorjrxv lqvljkwv17 ￿
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Lq wklv sdshu/ rxu dlp lv wr xqghuwdnh d ixoo| g|qdplf dqdo|vlv ri wkh surfhvv
e| zklfk vrfldo qhwzrunv dgdsw wr wkh hqylurqphqw1 Wkxv/ zh pxvw hpehg
7Dqrwkhu srvvleoh frqfhuq shuwdlqlqj wr wkh SVQ qrwlrq lv wkdw lw frqwhpsodwhv vlqjoh0olqn
ghyldwlrqv ￿ l1h1 grhv qrw doorz sod|huv wr dvvhvv wkh ehqh￿w ri vlpxowdqhrxv ghyldwlrqv lq
vhyhudo olqnv1 Wklv lv lq wkh vslulw ri pxfk ri wkh uhfhqw olwhudwxuh rq qhwzrun vwdelolw| +fi1
wkh vhplqdo sdshu e| Mdfnvrq dqg Zrolqvn| +4<<9,,/ zklfk riwhq lqwhusuhwv vxfk d uhvwulfwhg
qrwlrq ri vwdelolw| dv d uh hfwlrq ri erxqgv rq wkh vrsklvwlfdwlrq ri djhqwv1 Lw vhhpv lqwxlwlyh/
krzhyhu/ wkdw doorzlqj djhqwv wr frqwhpsodwh pxowl0olqn ghyldwlrqv vkrxog qrw dowhu wkh jlvw
ri wkh dqdo|vlv1
;wkh htxloleulxp +vwdwlf, dssurdfk uh hfwhg e| wkh SVQ frqfhsw lqwr d g|qdplf
iudphzrun1 D ghvfulswlrq ri wklv iudphzrun lv wkh remhfw ri wkh suhvhqw vxevhf0
wlrq1
Ohw wlph eh prghoohg glvfuhwho|/ zlwk w @3 >4>5>=== lqgh{lqj wkh frqvhfxwlyh
wlph shulrgv1 Dw hyhu| w> hdfk djhqw l 5 Q vxssruwv d fhuwdlq vhw ri olqnv +khu
￿dfwlyh￿ olqnv,/ zklfk frqvlvw ri wkrvh kh fkrvh lq wkh sdvw dqg vwloo pdlqwdlqv1
Wkhvh olqnv duh lqfoxghg wkh vhw ￿ jl+w, ￿i lj￿Q1 Dv lq wkh vwdwlf iudphzrun/ zh
srvlw wkdw djhqw l lqwhudfwv dw w zlwk doo khu qhljkeruv Ql+w, lq wkh xqgluhfwhg
judsk j+w,@imn 5 Q = mn 5 ￿ jm+w,anm 5 ￿ jn+w,j> l1h1 dfwlyh dqg sdvvlyh olqnv duh
htxlydohqw lq whupv ri wkhlu lpsolfdwlrqv iru sod|1 Wkhlu vroh gl￿huhqfh uhvlghv
lq wkh idfw wkdw d sod|hu*v dfwlyh olqnv duh wdnhq rq khu rzq lqlwldwlyh/ zkloh
wkh sdvvlyh rqhv ghshqg rq wkh ghflvlrqv ri rwkhuv1 Wr erxqg wkh vwdwh vsdfh
ri wkh surfhvv/ lw lv frqyhqlhqw wr srvwxodwh wkdw dq| jlyhq sod|hu fdq vxssruw
dw prvw p dfwlyh olqnv/ d sdudphwhu ri wkh prgho1 Wklv frxog eh mxvwl￿hg li/
iru h{dpsoh/ lq rughu wr vxssruw d olqn dq djhqw pxvw ghyrwh vrph uhvrxufhv lq
olplwhg vxsso| +h1j1 wlph,1
Hdfk ri wkh olqnv lm 5 j+w, suhydlolqj dw w kdv d fhuwdlq sd|r￿ srwhqwldo
dvvrfldwhg wr lw/ dv fdswxuhg e| wkh frrshudwlrq sd|r￿ ￿lm+w, lq wkh vwdjh SG
jdph sod|hg e| l dqg m1 Vxfk lqirupdwlrq lv vx!flhqw wr dvvhvv wkh vwdelolw|
ri qhwzrun j+w,= Wklv vxjjhvwv lghqwli|lqj wkh vwdwh ri wkh v|vwhp suhydlolqj dw
dq| jlyhq w zlwk wkh sdlu $+w, @ i^￿ jl+w,‘l5Q>^￿lm+w,‘lm5j+w,j> wkh rqo| uhvwulfwlrq
ehlqj wkdw hdfk ￿ jl+w, frqvlvwv ri dw prvw p hohphqwv dqg hyhu| ￿lm+w, ehorqjv wr
wkh vxlwdeoh udqjh ri sd|r￿v +vhh ehorz,1
Wkh vrfldo g|qdplfv gh￿qlqj wkh odz ri prwlrq dfurvv frqvhfxwlyh vwdwhv
hperglhv wkuhh glvwlqfw frpsrqhqwv= sd|r￿ xsgdwh/ olqn irupdwlrq dqg vhdufk/




Iluvw/ zh vxssrvh wkdw wkh sd|r￿ ri hdfk olqn pd| eh vxemhfw wr d udqgrp
xsgdwh ri lwv dvvrfldwhg sd|r￿1 Pruh suhflvho|/ zlwk vrph lqghshqghqw sured0
elolw| %/ hyhu| olqn lm 5 j+w, kdv lwv sd|r￿ fkdqjhg iurp ￿lm+w, wr ￿
3
lm+w, zkhuh
wkh odwwhu gudzq diuhvk iurp vrph qrq0qhjdwlyh uhdo lqwhuydo ^￿>￿‘ dffruglqj wr
d vwdwlrqdu| +dqg frpprq, suredelolw| glvwulexwlrq zlwk frqwlqxrxv ghqvlw| i￿=
Iru ixwxuh uhihuhqfh/ ghqrwh e| $3+w, @ i^￿ jl+w,‘l5Q>^￿
3
lm+w,‘lm5j+w,j> wkh qhz vwdwh





Lq hyhu| shulrg/ hyhu| sod|hu l 5 Q pd| hqmr| wzr dowhuqdwlyh +iru vlpsolflw|/
h{foxvlyh, urxwhv ri vhdufk dqg frqvhtxhqw irupdwlrq ri iuhvk olqnv= frpsrqhqw0
erxqg ￿orfdo￿ vhdufk dqg xquhvwulfwhg￿joredo￿ vhdufk1 Zkhuhdv wkh ￿uvw urxwh lv
frqfhlyhg dv wkh pruh frpprq zd| ri dffhvvlqj qhz lqirupdwlrq +l1h1 phgldwhg
e| wkh vrfldo qhwzrun,/ wkh vhfrqg rqh lv uhjdughg dv pruh h{wudruglqdu| +dqg
wkxv rqo| rffdvlrqdo,1 Irupdoo|/ zh srvlw wkdw/ zlwk lqghshqghqw suredelolw| s>
wkh ￿uvw rswlrq dulvhv/ zkhuhdv zlwk suredelolw| +4￿s,t wkh vhfrqg rqh rffxuv1
L ghvfuleh hdfk ri wkhvh dowhuqdwlyh rswlrqv lq wxuq1
<+51d, Orfdo vhdufk
Jlyhq j+w,> ohw Pl+j+w,, uhsuhvhqw wkh vhw ri sod|huv zkr duh qrw gluhfw qhljk0
eruv ri l exw ehorqj wr wkh vdph frpsrqhqw dv l lq j+w, ￿ l1h1 wkhuh lv d sdwk
lq j+w, mrlqlqj wkhp wr qrgh l= Wkhvh duh wkh srwhqwldo qhz sduwqhuv ri sod|hu l
zkhq vkh uhfhlyhv d orfdo +frpsrqhqw0erxqg, vhdufk rssruwxqlw|1
Vshfl￿fdoo|/ vxfk d orfdo0vhdufk rssruwxqlw| dprxqwv wr revhuylqj iuhvk dqg
lqghshqghqw sd|r￿ gudzv ￿lm +dffruglqj wr wkh suredelolw| ghqvlw| i￿, iru doo
m 5 Pl+j+w,,= Rq wkh edvlv ri wklv lqirupdwlrq/ sod|hu l lv doorzhg wr hvwdeolvk rqh
qhz olqn/ srvvleo| uhprylqj rqh ri wkh suh0h{lvwlqj olqnv zlwk sod|huv lq Ql+w,
li vkh douhdg| vxssruwv wkh pd{lpxp qxpehu ri p olqnv1 Pruh vshfl￿fdoo|/ lw lv
srvwxodwhg wkdw sod|hu l fkrrvhv d qhz olqn zlwk vrph m 5 Pl+j+w,, li/ dqg rqo|
li/ erwk ri wkh iroorzlqj frqglwlrqv krog=
+l, Wkh sd|r￿ gudzq diuhvk ￿lm ￿ ￿ln iru doo n 5 Pl+j+w,,=
+ll, Li mQl+w,m @ p> ￿lm A￿ lc iru vrph c 5 Ql+w,=
Wkxv/ wkh fuhdwlrq ri qhz olqnv lv vxssrvhg judgxdo/ l1h1 dw prvw rqh dw
d wlph lv iruphg1 Lq fdvh wkdw +l, dssolhv iru pruh wkdw rqh m 5 Pl+j+w,,>
dq| ri wkrvh lqglylgxdov lv vhohfwhg zlwk wkh vdph suredelolw|1 Rq wkh rwkhu
kdqg/ li +ll, dssolhv/ wkhq wkh olqn lc wr wkh fxuuhqw qhljkeru c zlwk wkh orzhvw
sd|r￿ lv uhpryhg1 Djdlq/ li vhyhudo ri wkrvh h{lvw/ hdfk rqh lv fkrvhq zlwk htxdo
suredelolw|1
Qrwh wkdw lq vhohfwlqj d qhz sduwqhu dffruglqj wr +l,0+ll,/ djhqwv duh srvwx0
odwhg wr devwudfw iurp wkh sdluzlvh +lq,vwdelolw| ri wkh qhz olqn wr eh iruphg1
Wklv lv grqh iru wkh vdnh ri vlpsolflw|1 L kdyh dovr frqvlghuhg d yduldwlrq ri wkh
prgho zkhuh sod|huv rqo| irup olqnv wkdw duh shufhlyhg dv sdluzlvh vwdeoh +jlyhq
wkh olqnv dqg sd|r￿v lq wkh suhydlolqj $3+w,,1 Wklv dowhuqdwlyh irupxodwlrq/ krz0
hyhu/ grhv qrw dowhu rxu uhvxowv +qhlwkhu dqdo|wlfdo ru qxphulfdo, dqg wkhuhiruh L
kdyh fkrvhq wr ljqruh wkh irupdo frpsoh{lwlhv lw hqwdlov1
+51e, Joredo vhdufk
Li vrph sod|hu l uhfhlyhv d uhylvlrq rssruwxqlw| wkurxjk joredo vhdufk/ vkh
jhwv wkh srvvlelolw| ri iruplqj rqh qhz olqn zlwk dqrwkhu udqgrpo| vhohfwhg
lqglylgxdo m/ srvvleo| qrw lq khu frpsrqhqw +doo ri wkhp duh d sulrul htxdoo|
suredeoh,1 Djdlq/ dvvrfldwhg wr wklv qhz srwhqwldo sduwqhu d sd|r￿ ￿lm lv gudzq
dffruglqj wr wkh suredelolw| ghqvlw| i￿= Wkhq/ dv deryh/ wkh olqn lv hvwdeolvkhg/
vxemhfw wr wkh srvvleoh uhprydo ri d suh0h{lvwlqj olqn li wkh qxpehu ri wkrvh olqnv





Ohw $33+w, @ i^￿ j33
l +w,‘l5Q>^￿
33
lm+w,‘lm5j+w,j eh wkh vwdwh lqgxfhg e| wkh wzr iru0
phu frpsrqhqwv ri wkh odz ri prwlrq1 Wkhq/ iru hyhu| olqn lm 5 j33/ ohw wkh









q F, ￿ ￿33
m+j33 ml
q G,=
43Li hlwkhu ri wkhvh frqglwlrqv lv ylrodwhg/ wkh olqn lm lv mxgjhg xqvwdeoh e| wkh
sod|huv dqg wkxv lv uhpryhg1 Rqfh vxfk d fkhfn ri sdluzlvh0vwdelolw| kdv ehhq
frpsohwhg iru doo olqnv lq j33> ohw $333+w, uhihu wr wkh uhvxowlqj vwdwh zkhuh rqo|
wkh olqnv wkdw kdyh ehhq dvvhvvhg dv sdluzlvh0vwdeoh uhpdlq1 Wklv vwdwh lv wkhq













Dv lq wkh suhvhqwdwlrq ri wkh prgho/ lw lv xvhixo wr vwduw zlwk dq htxloleulxp
+wkxv vwdwlf, dssurdfk/ wkhq wxuqlqj wr d ixoo g|qdplf dqdo|vlv ri wkh qhwzrun
irupdwlrq surfhvv1 Sursrvlwlrq 4 ehorz lqlwldwhv wklv frxuvh e| surylglqj dq
lqwxlwlyh fkdudfwhul}dwlrq ri Sdluzlvh0Vwdeoh Qhwzrunv1 Wklv fkdudfwhul}dwlrq
klqjhv xsrq d fhuwdlq phdvxuh ri frkhvlyhqhvv ri wkh qhwzrun/ dv hperglhg e|
wkh +jhrghvlf, glvwdqfhv vhsdudwlqj wkh qhljkeruv ri wkh gl￿huhqw sod|huv1
Irupdoo|/ iru dq| jlyhq sod|hu l 5 Q> dqg dq| wzr ri khu qhljkeruv m>n 5 Ql>
zh gh￿qh wkh l0h{foxglqj glvwdqfh ehwzhhq m dqg n> ghqrwhg e| gl+m>n,/d vw k h
ohqjwk ri wkh vkruwhvw sdwk mrlqlqj m dqg n zklfk grhv qrw lqyroyh sod|hu l=
Wkh lqwhusuhwdwlrq ri wklv glvwdqfh lv vwudljkwiruzdug= lw lv wkh qxpehu ri vwhsv
+dqg wkhuhiruh shulrgv/ lq wkh uhshdwhg jdph, zklfk zrxog eh uhtxluhg iru dq|
lqirupdwlrq khog e| m +ru n, wr uhdfk n +ru m, zlwkrxw wkh frqfrxuvh ri sod|hu l=
Dv xvxdo/ lw lv srvwxodwhg wkdw gl+m>m, @3iru dq| m 5 Ql> zkloh li qr l0h{foxglqj
sdwk h{lvwv ehwzhhq n dqg m lw zloo eh frqyhqlhqw wr srvlw wkdw gl+m>n, @ 41
Sursrvlwlrq 4 Frqvlghu dq| qhwzrun j ￿ Q ￿ Q dqg ohw ^￿lm‘lm5j vwdqg iru
wkh srvvleoh frrshudwlrq sd|r￿v wkdw fdq eh hduqhg iru hdfk ri lwv olqnv1 Wkhq/ j











Surri1 Frqvlghu dq| olqn lm 5 j dqg irfxv/ iru frqfuhwhqhvv/ rq sod|hu l=
Sdluzlvh0vwdelolw| ri wklv olqn uhtxluhv wkdw sod|hu l kdv lqfhqwlyhv wr frrshudwh
zlwk m xqghu wkh wkuhdw wkdw/ li vkh zhuh wr gr rwkhuzlvh/ doo klv qhljkeruv n 5 Ql
zloo vzlwfk wr ghihfwlrq rqfh wkh| ohduq derxw lw ￿ dq hyhqw wkdw/ iru hdfk ri
wkhp/ rffxuv gl+m>n, shulrgv diwhu wkh frqwhpsodwhg ghihfwlrq wdnhv sodfh1







8Uhfdoo wkdw vwdjh sd|r￿v duh qrupdol}hg e| wkh idfwru E￿ 3 B￿￿
44Lqvwhdg/ li sod|hu l ghihfwv xqlodwhudoo| xsrq m> khu dqwlflsdwhg sd|r￿ lv=
￿l+j
lm




























Wkhuhiruh/ wkh vwdelolw| frqglwlrq
￿l+j
lm
q F, ￿ ￿l+j
lm
q G,










zklfk lv uhdglo| vhhq wr eh htxlydohqw wr +5,1
Uhpdun 5 Qhwzrun vwdelolw| lq wkh devhqfh ri qhwzrun h￿hfwv=
Li sod|huv glg qrw uho| rq qhwzrun +srsxodwlrq0zlgh, h￿hfwv lq wkhlu vwudwhjlf
frqvlghudwlrqv/ frrshudwlrq frxog eh vxssruwhg wkurxjk dq| sduwlfxodu olqn lm





zklfk lv vlpso| wkh frqglwlrq wkdw zrxog iroorz iurp +5, li gl+m>n, @ 4 iru doo
n 9@ l= Lq jhqhudo/ qhwzrun0edvhg h￿hfwv fdq rqo| khos lq vxssruwlqj frrshud0
wlrq/ l1h1 +6, lpsolhv +5,1 Lw vkrxog eh hpskdvl}hg/ krzhyhu/ wkdw hyhq lq wkh
devhqfh ri wkrvh h￿hfwv/ wkh vrfldo qhwzrun pd| kdyh dq lpsruwdqw uroh wr sod|
wkurxjk lwv ehdulqj rq vhdufk dqg lqqrydwlrq1 Wklv/ lq idfw/ zloo eh frq￿uphg lq
Vxevhfwlrq 71515,/ zklfk vwxglhv d vfhqdulr zlwkrxw qhwzrun vwudwhjlf h￿hfwv1 ￿
Uhpdun 6 Qhwzrun vwdelolw| zlwk kljkhu sod|hu vrsklvwlfdwlrq=
Lq Uhpdun 4/ zh glvfxvvhg wkh srvvlelolw| ri doorzlqj sod|huv d vxshulru ghjuhh
ri vrsklvwlfdwlrq wkdw zrxog doorz wkhp wr dqwlflsdwh wkh vwdjh dw zklfk rwkhuv
zrxog sxqlvk khu iru d ghyldwlrq/ wkxv uhdfwlqj rswlpdoo| wr lw wkurxjk qrq0
wuljjhu vwudwhjlhv1 Vsdfh olplwdwlrqv suhyhqw xv iurp ghyhorslqj lq ghwdlo wkh
lpsolfdwlrqv ri wklv yduldwlrq1 Wkh lqwhuhvwhg uhdghu/ krzhyhu/ pd| yhuli| wkdw/
dv d frxqwhusduw ri +5,/ wkh frqglwlrq wkdw zrxog fkdudfwhul}h sdluzlvh0vwdelolw|












45Wr xqghuvwdqg wkh lpsolfdwlrqv ri wkh deryh frqglwlrq/ lw lv xvhixo wr frpsduh












zklfk lv d phuh uhzulwlqj ri +5,/ wkh frqglwlrq fkdudfwhul}lqj SVQ lq Sursrvlwlrq
41 Rqh wkhq revhuyhv wkdw vlplodu txdolwdwlyh frqvlghudwlrqv dulvh lq erwk fdvhv
￿ l1h1 wkh qxpehu/ sd|r￿ ydoxh/ dqg uhohydqw glvwdqfhv ri qhljkeruv frqwlqxh wr
eh wkh nh| idfwruv lqyroyhg1 Lq +7,/ krzhyhu/ wkh kljkhu vrsklvwlfdwlrq dvvxphg
rq wkh sduw ri sod|huv +zklfk doorzv wkhp d suhhpswlyh uhdfwlrq wr sxqlvkphqw,
ohdgv wr zhdnhu ghwhuuhqfh djdlqvw ghyldwlrqv1 Wklv/ lq wxuq/ zhdnhqv vrphzkdw
￿ exw fhuwdlqo| grhv qrw ghvwur| ￿ wkh uroh ri qhwzrun frkhvlyhqhvv lq surprwlqj
lqwhu0sod|hu frrshudwlrq1 ￿
 








Dv d h{wuhph ehqfkpdun fdvh/ vxssrvh wkdw qr iuhvk olqnv duh hyhu iruphg
wkurxjk vhdufk +l1h1 s @ t @3 , dqg suhydlolqj sd|r￿v duh qhyhu vxemhfw wr
xsgdwh +% @3 ,= Wkhq/ wkh g|qdplfv uhgxfhv wr d phuh fkdlq ri olqn uhprydov/
dv wkh olqnv zklfk duh ghhphg xqvwdeoh duh ehlqj zlwkgudzq e| wkh djhqwv
lqyroyhg1 Hyhqwxdoo|/ lw uhdfkhv d vwdwlrqdu| vwdwh/ zkhuh wkh lqgxfhg qhwzrun
lv sdluzlvh vwdeoh lq wkh vhqvh ri Gh￿qlwlrq 41 Lq idfw/ lw lv reylrxv wkdw wkh vhwv
ri sdluzlvh0vwdeoh dqg vwdwlrqdu| qhwzrunv frlqflgh/ zklfk surylghv d vlpsoh
g|qdplf irxqgdwlrq ri wkh SVQ frqfhsw1
Exw/ ri frxuvh/ rxu sulpdu| lqwhuhvw dqg irfxv shuwdlqv wr wkh ixoo0 hgjhg
g|qdplfv zkhuh s>t>% A 3= Lq wklv fdvh/ olqn uhprydo lv frxqwhuhg e| vhdufk
dqg olqn irupdwlrq/ dqg wkh xqghuo|lqj sd|r￿ frqglwlrqv duh vxemhfw wr rffd0
vlrqdo fkdqjh1 D ￿uvw edvlf vwhs lq wkh dqdo|vlv frqfhuqv wkh hvwdeolvkphqw ri
frqglwlrqv xqghu zklfk wkh lqgxfhg Pdunry surfhvv lv vxuh wr eh hujrglf1 Iru/
dv dgydqfhg/ vxfk hujrglflw| surylghv wkh wkhruhwlfdo edvlv iru wkh odwhu xvh ri
qxphulfdo vlpxodwlrqv lq hoxflgdwlqj wkh orqj0uxq ehkdylru ri wkh v|vwhp1
Wr dgguhvv wkhvh pdwwhuv irupdoo|/ uhfdoo wkdw i￿+￿, vwdqgv iru wkh suredelolw|
ghqvlw| zlwk jryhuqv hyhu| iuhvk gudz ri sd|r￿v/ zkrvh vxssruw lv jlyhq e| d
qrq0qhjdwlyh lqwhuydo ^￿>￿‘= Ixuwkhu uhphpehu iurp +6, wkdw 4￿￿
￿ ￿ lv wkh sd|r￿
wkuhvkrog wkdw pdunv wkh elodwhudo vxssruwdelolw| ri frrshudwlrq ehwzhhq d sdlu
ri ￿lvrodwhg￿ djhqwv1 Lq wklv oljkw/ wkh iroorzlqj uhvxow vwdwhv wkdw hujrglflw| lv
jxdudqwhhg dv orqj dv/ iru dq| frrshudwlrq sd|r￿ ￿lm uhgudzq diuhvk/ wkhuh lv
vrph sulru xqfhuwdlqw| dv wr zkhwkhu lw pd| eh vxssruwhg elodwhudoo|/ l1h1 lq wkh
devhqfh ri qhwzrun h￿hfwv1
Sursrvlwlrq 5 Dvvxph ￿ ? 4￿￿
￿ ￿?￿ dqg %>t A 3= Wkhq/ surylghg wkh srs0
xodwlrq Q lv odujh hqrxjk/ wkh vrfldo g|qdplfv ghvfulehg lq Vxevhfwlrq 515 lv
jryhuqhg e| dq hujrglf vwrfkdvwlf surfhvv1
46Surri1 Wkh lqgxfhg surfhvv lv fohduo| dshulrglf1 Wkhuhiruh/ wr hvwdeolvk wkh
ghvluhg frqfoxvlrq/ lw lv hqrxjk wr vkrz wkdw wkhuh lv vrph sduwlfxodu vwdwh wr
zklfk wkhuh lv srvlwlyh suredelolw| ri uhwxuqlqj/ iurp dq| rwkhu vwdwh $/ lq vrph
￿qlwh qxpehu ri vwhsv1 Lq wkh dujxphqw/ wkh vwdwh $h zkhuh wkhuh duh qr olqnv
hvwdeolvkhg ehwzhhq sod|huv zloo sod| wklv uhfxuuhqw uroh1









srlqw lq wlph1 Wkh ￿uvw srlqw wr qrwh lv wkdw/ li q lv odujh hqrxjk/ wkhuh lv
srvlwlyh suredelolw| wkdw wkh qhwzrun pljkw eh hyhqwxdoo| glylghg lqwr wzr ru
pruh glvmrlqw frpsrqhqwv1 Wr vhh wklv/ vxssrvh wkdw q lv hyhq dqg ohw wkh
srsxodwlrq eh sduwlwlrqhg lqwr wzr glvmrlqw vxevhwv/ vd| Q4 @ i4>5>==>q
5j dqg
Q5 @ iq
5 .4 > q
5 .5 >===>qj= Ixuwkhu vxssrvh/ zlwkrxw orvv ri jhqhudolw|/ wkdw
￿lm ? ￿ iru doo lm 5 j= Wkhq/ ohw uhylvlrq rssruwxqlwlhv dulvh +srvvleo| wkurxjk
joredo vhdufk, vr wkdw sod|huv lq Q4 rewdlq sd|r￿ rswlrqv ￿lm zlwk sod|huv m 5 Q5
vdwlvi|lqj=






dqg uhflsurfdoo| iru sod|huv lq Q5= Wkhvh uhylvlrq rssruwxqlwlhv lqgxfh sdluzlvh0
vwdeoh dqg sd|r￿0lpsurylqj olqnv iru hdfk sod|hu lq Qt ryhu wkrvh wkdw frxog
eh vxssruwhg zlwk djhqwv lq wkh frpsohphqwdu| vhw Qu +t>u @4 >5>t9@ u,=
Wkhuhiruh/ li q lv odujh hqrxjk +lq sduwlfxodu/ lw lv hqrxjk wkdw q ￿ 5+5p .4 ,/
zkhuh p lv wkh pd{lpxp qxpehu ri olqnv vxssruwdeoh e| dq djhqw,> doo olqnv
dfurvv Q4 dqg Q5 zrxog hyhqwxdoo| eh uhpryhg1
Qrz vxssrvh wkdw sod|huv duh glylghg lqwr vxfk glvmrlqw frpsrqhqwv/ Q4 dqg
Q5> dqg ohw hdfk sod|hu lq Qt lq wxuq uhfhlyh d joredo uhylvlrq rssruwxqlw| zlwk
vrph sod|hu lq Qu +u 9@ t, zkrvh dvvrfldwhg sd|r￿ lv kljkhu wkdq dq| suhydlolqj
rqh +exw orzhu wkdq ￿,1 Wkhq/ wkh fruuhvsrqglqj olqn lv iruphg/ uhprylqj rqh
ri khu suh0h{lvwlqj rqhv1 Qh{w vxssrvh wkdw wklv iuhvko| iruphg olqn lv vxemhfw
wr d sd|r￿ xsgdwh/ zlwk wkh frqvhtxhqfh wkdw lwv sd|r￿ lv orzhuhg ehorz 4￿￿
￿ ￿=
Wklv ohdgv wr wkh olqn ehlqj uhpryhg/ vlqfh lw lv wkh rqo| olqn zklfk fxuuhqwo|
frqqhfwv wkh vhwv Q4 dqg Q5 dqg/ wkhuhiruh/ sod|huv fdqqrw uho| rq qhwzrun
h￿hfwv wr vxssruw frrshudwlrq zlwk lw1 E| surfhhglqj lq wklv idvklrq zlwk doo
sod|huv lq wxuq dv qhhghg/ lw lv fohdu wkdw wkh surfhvv zrxog uhdfk wkh hpsw|
qhwzrun1 E| frqvwuxfwlrq/ wkh fkdlq ri vwhsv lqyroyhg lv ￿qlwh dqg glvsod|v
srvlwlyh suredelolw|1 Wkh surri/ wkhuhiruh/ lv frpsohwh1
Wkh iruphu uhvxow lqglfdwhv wkdw zkhq wkh olqn0uhprydo surfhvv lv frpsoh0
phqwhg e| vhdufk lq d qrq0vwdwlrqdu| hqylurqphqw/ wkh surfhvv ehfrphv hujrglf
dqg wkxv lwv orqj0uxq ehkdylru lv lqghshqghqw ri lqlwldo frqglwlrqv1 Lw lv lqvwuxf0
wlyh wr glvhqwdqjoh wkh h￿hfw sod|hg e| joredo vhdufk +tA3,9 dqg yrodwlolw|
+%A3, lq wklv frqfoxvlrq1 Iluvw/ li wkhuh zhuh qr joredo vhdufk +l1h1 t @3 , exw
yrodwlolw| zhuh pdlqwdlqhg/ lw lv hdv| wr dgdsw wkh dujxphqw ri Sursrvlwlrq 5 wr
9Iru wkh suhvhqw txdolwdwlyh glvfxvvlrq frqfhuqlqj wkh hujrglflw| ri wkh surfhvv/ rqo| wkh
suhvhqfh ru devhqfh ri joredo vhdufk lv wkh uhohydqw frqvlghudwlrq1 Lq jhqhudo/ ri frxuvh/ wkh
lqwhqvlw| ri orfdo vhdufk +l1h1 wkh pdjqlwxgh ri Rc lq frpsdulvrq zlwk rwkhu sdudphwhuv, zloo
kdyh dq lpsruwdqw uroh lq wkh +txdqwlwdwlyh, shuirupdqfh ri wkh surfhvv
47vkrz wkdw hujrglflw| zrxog vwloo krog/ dowkrxjk wkh devruelqj orqj0uxq rxwfrph
zrxog eh wkh hpsw| vrfldo qhwzrun $h= Exw wkh prvw lqwhuhvwlqj fdvh wr frqvlghu
lv wkh srodu rqh zkhuh vhdufk +erwk orfdo dqg joredo, uhpdlqv lq sodfh dqg wkh
xqghuo|lqj hqylurqphqw glvsod|v qr yrodwlolw| +% @3 , = Wklv vfhqdulr uhsuhvhqwv
d vshfldoo| xvhixo ehqfkpdun ri uhihuhqfh lq rughu wr xqghuvwdqg wkh nh| h￿hfw
ri yrodwlolw| lq wkh prgho1 D fohdu0fxw slfwxuh lv surylghg e| wkh iroorzlqj uhvxow1
Sursrvlwlrq 6 Dvvxph ￿ ? 4￿￿
￿ ￿?￿ dqg tA3= Wkhq/ li % @3 > wkh vrfldo
g|qdplfv ohdgv doprvw vxuho| wr d sdwk zkhuh wkh qhwzrun uhdfkhv wkh pd{lpxp
frqqhfwlylw| dqg wkh lqgxfhg wrwdo sd|r￿ +djjuhjdwhg ryhu wkh zkroh srsxodwlrq,
frqyhujhv wr lw pd{lpxp ydoxh 5pq￿=
Surri1 Wr hvwdeolvk wkh ghvluhg frqfoxvlrq/ wkh nh| uroh lv sod|hg e| wkh iroorz0
lqj wzr revhuydwlrqv=
+4, Frqvlghu dq| ￿A3 vxfk wkdw ￿ ￿￿A4￿￿
￿ ￿= Wkhq/ vlqfh wkh ghqvlw| i￿+￿,
lv dvvxphg frqwlqxrxv rq lwv vxssruw ^￿>￿‘ dqg uhylvlrq rssruwxqlwlhv duh
lqghshqghqw dfurvv sod|huv dqg wlph/ wkh iroorzlqj frqfoxvlrq dssolhv1 Iru
doo ￿ 5 +3>4,> wkhuh lv vrph W vxfk wkdw li w ￿ W> wkhuh lv suredelolw| qr
orzhu wkdq 4 ￿ ￿ wkdw hyhu| sod|hu l kdv uhfhlyhg +lq suhfhglqj shulrgv
￿?w , dw ohdvw p olqn irupdwlrq rssruwxqlwlhv zlwk glvwlqfw sduwqhuv m
dqg dvvrfldwhg sd|r￿v ￿lm A ￿ ￿ ￿=
+5, Dq| ri wkh olqn rssruwxqlwlhv ghvfulehg lq +4, duh sdluzlvh vwdeoh1 Wkhuh0
iruh/ fkrrvlqj ￿ dqg W dv deryh/ wkhuh lv suredelolw| qr orzhu wkdq 4 ￿ ￿
wkdw/ li w ￿ W> hyhu| sod|hu l lv vxssruwlqj p olqnv dw w +wkh pd{lpxp
qxpehu,/ doo ri wkhp zlwk dvvrfldwhg sd|r￿v qr orzhu wkdq ￿ ￿ ￿=
Wkhq/ vlqfh ￿ dqg ￿ lq +4,0+5, fdq eh fkrvhq duelwudulo| vpdoo/ wkh ghvluhg
frqfoxvlrq lpphgldwho| iroorzv1
Wkh suhylrxv uhvxow lqglfdwhv wkdw/ lq wkh devhqfh ri sd|r￿ yrodwlolw|/ wkh
dffxpxodwlrq ri vrfldo fdslwdo pxvw hyhqwxdoo| uhdfk d pd{lpxp ohyho1 Wklv






Exloglqj xsrq wkh edvlf uhvxowv suhvhqwhg lq wkh suhylrxv Vxevhfwlrq/ L qrz
frqgxfw d pruh h{kdxvwlyh dqdo|vlv ri wkh prgho edvhg rq qxphulfdo vlpxod0
wlrqv1 Iru wkh vdnh ri irfxv/ wkh dqdo|vlv ghdov zlwk d vfhqdulr glvsod|lqj udwkhu
vwulqjhqw sd|r￿ frqglwlrqv/ lq zklfk wkh pdlq lvvxhv dulvh lq d vwdun idvklrq1
Lq sduwlfxodu/ rxu hvvhqwldo frqfhuq lv wr xqghuvwdqg krz wkh lqwhusod| ehwzhhq
hqylurqphqwdo yrodwlolw| dqg wkh g|qdplfv ri wkh vrfldo qhwzrun vkdshv wkh orqj0
uxq shuirupdqfh ri wkh v|vwhp1
Vshfl￿fdoo|/ wkh vlpxodwlrq vhwxs lqyroyhv 433+@ q, lqglylgxdov zkr glvsod|
d frpprq glvfrxqw udwh ￿ @6 @7 dqg lqwhudfw dffruglqj wr dq LUSG jdph
48zlwk vwdjh sd|r￿v dv jlyhq e| +4, iru ￿ @7 = Wkh frrshudwlrq sd|r￿v ￿lm duh
gudzq/ udqgrpo| dqg lqghshqghqwo|/ dffruglqj wr d xqlirup glvwulexwlrq ryhu
wkh lqwhuydo ^￿>￿‘@^ 3 =7>4=7‘= Wkxv/ dv uhtxluhg e| Sursrvlwlrq 5/ wkh wkuhvkrog
￿+4￿￿,
￿ @ 7
6 zklfk pdunv wkh srvvlelolw| ri vxssruwlqj frrshudwlrq elodwhudoo|
+fi1 +6,, ehorqjv wr wkh sd|r￿ vxssruw dqg wkxv hujrglflw| lv jxdudqwhhg1 Sd|r￿
frqglwlrqv/ krzhyhu/ duh udwkhu ￿wljkw￿ lq wkdw wkh suredelolw| Su^￿lm ￿ 4￿￿
￿ ￿‘
iru d iuhvk gudz wr h{fhhg wkh diruhphqwlrqhg wkuhvkrog lv mxvw 4@481
Ilqdoo|/ lw lv srvwxodwhg wkdw wkh lqghshqghqw suredelolw| dw zklfk dq lqgl0
ylgxdo uhfhlyhv d uhylvlrq rssruwxqlw| edvhg rq orfdo vhdufk lv htxdo wr s @3 =4>
zkloh lq fdvh qr vxfk rssruwxqlw| dulvhv wkh frqglwlrqdo suredelolw| iru hqmr|lqj
dq lqvwdqfh ri joredo vhdufk lv t @3 =341 Wkh pd{lpxp qxpehu ri olqnv wkdw
dq| jlyhq sod|hu fdq dfwlyho| vxssruw lv vhw wr p @5+wkhuhiruh/ wkh dyhudjh
qhwzrun ghjuhh lv dw prvw 7,1
Lq wkh deryh ghvfulehg vfhqdulr/ wkh qxphulfdo dqdo|vlv lv glylghg lq wzr
sduwv1 Iluvw/ lq Vxevhfwlrq 71514/ zh frqvlghu wkh ohdglqj fdvh zkhuh sod|huv
pd| wdnh ixoo dgydqwdjh ri qhwzrun h￿hfwv lq vxssruwlqj frrshudwlrq ￿ wkdw
lv/ vwudwhjlf ehkdylru lv ￿qhwzrun0edvhg￿ dqg sdluzlvh vwdelolw| lv jlyhq e| Gh0
￿qlwlrq 41 Wkhq/ lq Vxevhfwlrq 71515/ zh wxuq wr vwxg|lqj krz pdwwhuv duh
d￿hfwhg li sod|huv gr qrw uho| rq vxfk qhwzrun h￿hfwv dqg doo frrshudwlrq pxvw
eh vxssruwhg elodwhudoo|1
71514 Qhwzrun0edvhg vwudwhjlf ehkdylru
Wkh dqdo|vlv zloo irfxv wkurxjkrxw rq wkh irxu yduldeohv frqwhpsodwhg lq rxu
hduolhu glvfxvvlrq= qhwzrun ghqvlw| +dyhudjh qrgh ghjuhh,/ qhwzrun frkhvlyhqhvv
+dyhudjh qhljkeru glvwdqfh,/ qhwzrun vsdq +uhodwlyh vl}h ri wkh odujhvw frpsr0
qhqwv,/ dqg sd|r￿ shuirupdqfh +dyhudjh sd|r￿ hduqhg shu olqn,1
Wr vwduw wkh glvfxvvlrq/ Iljxuh 4 vkrzv vdpsoh sdwkv iru wkh ￿uvw ri wkh
lqglfdwhg yduldeohv ￿ wkh dyhudjh ghjuhh ￿ xqghu wkuhh gl￿huhqw yrodwlolw| udwhv/
% @3 =34> 3=3:> 3=346= Hdfk ri wkhvh sdwkv ehjlqv iurp dq hpsw| qhwzrun +l1h1
qr olqnv duh suhvhqw dw w @3 ,dqg vsdqv d uhodwlyho| qduurz wlph zlqgrz ri
rqo| 63333 shulrgv1 Qdwxudoo|/ rqh revhuyhv d mdjjhg sdwk lq hdfk fdvh/ d phuh
uh hfwlrq ri wkh xqghuo|lqj udqgrpqhvv ri wkh surfhvv1 E| yluwxh ri hujrglflw|/
krzhyhu/ zh nqrz wkdw/ li wkh vlpxodwlrq uxq lv h{whqghg idu hqrxjk lq wlph/ qrw
rqo| wkh hpslulfdo phdq ri wkh yduldeoh +frpsxwhg ryhu wlph, vkrxog frqyhujh
d1v1 wr d zhoo0gh￿qhg olplw ydoxh exw wklv ydoxh vkrxog eh lqghshqghqw ri wkh
lqlwldo frqglwlrqv1
Lqghhg/ vxfk lpsolfdwlrq ri hujrglflw| lv vkduso| frq￿uphg e| wkh vlpxodwlrqv
li zh ohqjwkhq wkh wlph krul}rq wr kdoi ploolrq shulrgv +W @8￿ 438,/d vv k r z q
lq Iljxuh 51 Wkhuh rqh revhuyhv wkdw/ iru hdfk ri wkh wkuhh yrodwlolw| udwhv
frqvlghuhg/ wkh hpslulfdo phdqv frqyhujh txlwh udslgo| wr d frpprq ydoxh/ hyhq
iru dowhuqdwlyh sdwkv vwduwlqj iurp srodu lqlwldo frqglwlrqv1 Vshfl￿fdoo|/ wzr vxfk
lqlwldo frqglwlrqv duh frqvlghuhg lq wkdw gldjudp1 Rqh ri wkhp fruuhvsrqgv wr
wkh hpsw| qhwzrun/ dv ghvfulehg ehiruh1 D vhfrqg srodu fdvh lv jlyhq e| d sdwk
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Iljxuh 4= Dyhudjh ghjuhh/ vkruw wlph krul}rq1
wkurxjk wkhlu pd{lpxp qxpehu ri +wzr, dfwlyh olqnv dqg hduqlqj wkh pd{lpxp
srvvleoh sd|r￿ ￿1:
Htxdoo| fohdu0fxw frqyhujhqfh ri wkh hpslulfdo phdqv kdv ehhq frq￿uphg dv
zhoo lq wkh vlpxodwlrqv iru wkh rwkhu wkuhh yduldeohv ri lqwhuhvw= qhljkeru glv0
wdqfh/ odujh0frpsrqhqw vkduhv/ dqg dyhudjh sd|r￿1 +Wkhvh uhvxowv/ krzhyhu/ duh
qrw duh qrw vkrzq khuh iru odfn ri vsdfh1, Dv h{sodlqhg/ vxfk d frqyhujhqfh
doorzv rqh wr uho| rq wkh hpslulfdo ydoxhv rewdlqhg dv vxlwdeoh dssur{lpdwlrqv
ri wkh fruuhvsrqglqj orqj0uxq pdjqlwxghv/ l1h1 wkrvh lqgxfhg e| wkh xqltxh
lqyduldqw glvwulexwlrq ri wkh surfhvv1 Lq zkdw iroorzv/ wkh dlp zloo eh wr xqghu0
vwdqg krz wkhvh orqj0uxq pdjqlwxghv ghshqg rq wkh ohdglqj sdudphwhu ri rxu
dqdo|vlv/ wkh yrodwlolw| udwh %1
Wkh uhvxowv lq wklv uhvshfw duh vxppdul}hg lq Iljxuhv 6091 Iluvw/ Iljxuh
6 vkrzv wkdw sd|r￿ yrodwlolw| kdv d qhjdwlyh h￿hfw rq wkh ghqvlw| ri wkh vrfldo
qhwzrun +dv phdvxuhg e| wkh dyhudjh qrgh ghjuhh,1 Lqwxlwlyho|/ wklv iroorzv iurp
wkh idfw wkdw/ dv % ulvhv/ wkhuh lv d odujhu iudfwlrq ri h{lvwlqj olqnv wkdw orvh lwv
sdluzlvh vwdelolw| gxh wr sd|r￿ xsgdwh1 Wklv skhqrphqrq pd| eh khxulvwlfdoo|
xqghuvwrrg dv d vruw ri ghsuhfldwlrq ri wkh dffxpxodwhg vrfldo fdslwdo1 Lw uh hfwv/
lq h￿hfw/ d qhjdwlyh guliw rq wkh vwrfn ri h{lvwlqj olqnv/ zklfk zhuh judgxdoo|
dffxpxodwhg ryhu wlph wkurxjk vhsdudwh lqvwdqfhv ri vxffhvvixo vhdufk1
:Wr eh pruh frqfuhwh/ zkdw lv grqh lq wklv fdvh lq rughu wr frqvwuxfw wkh lqlwldo frqglwlrqv
lv wr kdyh hyhu| sod|hu ￿ vxssruw d olqn wr sod|huv ￿ n￿dqg ￿ n2zlwk l￿c￿n￿ ’ l￿c￿n2 ’ l/
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Iljxuh 6= Sd|r￿ yrodwlolw| dqg orqj0uxq dyhudjh ghjuhh1
4;Qh{w/ Iljxuh 7 ghslfwv zkdw lv srvvleo| rqh ri wkh prvw uhpdundeoh uhjx0
odulwlhv irxqg lq wkh dqdo|vlv1 Lw vkrzv wkdw/ dv % jurzv/ wkh vrfldo qhwzrun
hqgrjhqrxvo| dgdswv wr lqfuhdvhg yrodwlolw| e| ehfrplqj pruh frkhvlyh lq wkh
orqj uxq ￿ l1h1 wkh dyhudjh qhljkeru glvwdqfh idoov1; Wklv lv lq olqh zlwk zkdw
kdv ehhq ohduqhg vr idu derxw wkh uroh sod|hg e| qhwzrun h￿hfwv lq hqkdqf0
lqj wkh lqfhqwlyhv iru frrshudwlrq +uhfdoo/ iru h{dpsoh/ wkh fkdudfwhul}dwlrq ri
sdluzlvh0vwdelolw| lq Sursrvlwlrq 4,1 Wkxv/ lq wklv vhqvh/ zkdw zh ￿qg lv wkdw wkh
vrfldo g|qdplfv uhvsrqgv wr lqfuhdvhg yrodwlolw| e| hqgrjhqrxvo| exloglqj xs wkh
vwuhqjwk ri wkhvh qhwzrun h￿hfwv1 Djhqwv/ xqzlwwlqjo|/ dgmxvw p|rslfdoo| wkhlu
olqnv ryhu wlph vr wkdw wkh vrfldo qhwzrun hqgv xs dgdswlqj wr kljkhu yrodwlolw|
e| udlvlqj lwv orqj0uxq frkhvlyhqhvv1 Wklv/ lq wkh hqg/ kdv wkh ehqh￿fldo +exw
xqlqwhqghg, h￿hfw ri ghwhuulqj rssruwxqlvwlf ehkdylru pruh h￿hfwlyho| dv vxfk
d qhwzrun0edvhg ghwhuuhqfh ehfrphv pruh fulwlfdo1
Ilqdoo|/ lw lv zruwk hpskdvl}lqj wkdw wkh diruhphqwlrqhg frqvlghudwlrqv duh
wr eh uhjdughg dv txlwh vwurqj1 Iru/ lq sduwlfxodu/ wkh| duh vwurqj hqrxjk wr
suhydlo ryhu wkh jhqhudo ghfuhdvh lq frqqhfwlylw| wkdw uhvxowv dv % jurzv +uhfdoo
Iljxuh 6,1 E| lwvhoi/ vxfk d ghfuhdvh lq ryhudoo frqqhfwlylw| whqgv wr lqfuhdvh sdwk
ohqjwkv dqg wkxv zrxog hqwdlo/ devhqw wkh frqvlghudwlrqv h{sodlqhg/ d frqvhtxhqw
lqfuhdvh lq dyhudjh qhljkeru glvwdqfh1
Iljxuh 8 ghvfulehv wkh orqj0uxq h￿hfw ri sd|r￿ yrodwlolw| rq wkh vl}h ri wkh
odujhvw wzr frpsrqhqwv= Wkh ￿uvw lqwhuhvwlqj srlqw wr revhuyh lv wkdw/ lqghshq0
ghqwo| ri %> prvw ri wkh frqqhfwhg sod|huv ehorqj wr d vlqjoh pdmru frpsrqhqw/
wkh vhfrqg0odujhvw frpsrqhqw uhpdlqlqj yhu| vpdoo wkurxjkrxw1 Wklv frqfoxvlrq
lv vrphzkdw uhplqlvfhqw ri wkh zhoo nqrzq uhvxowv ri Wkhru| ri Udqgrp Judskv
zklfk dvvhuw wkdw/ eh|rqg d fhuwdlq ￿frqqhfwlylw| wkuhvkrog￿/ wkhuh dulvhv d vlq0
joh jldqw frpsrqhqw lq wkh judsk1 +Wkhvh pdwkhpdwlfdo uhvxowv/ krzhyhu/ gr qrw
dsshdu wr uhdglo| dssolfdeoh khuh vlqfh/ lq rxu fdvh/ wkh irupdwlrq ri wkh vrfldo
qhwzrun lv yhu| pxfk wkh uhvxow ri d qrq0udqgrp phfkdqlvp1, Rq wkh rwkhu
kdqg/ frqfhuqlqj wkh h￿hfw ri % rq wkh uhodwlyh vl}h ri wkh odujhvw frpsrqhqw/
wkh h{shfwhg qhjdwlyh ghshqghqfh lv revhuyhg/ zklfk lv dqrwkhu uh hfwlrq ri wkh
ghwulphqwdo h￿hfw ri yrodwlolw| rq wkh vwrfn ri vrfldo fdslwdo wkdw zdv douhdg|
glvfxvvhg lq frqqhfwlrq wr Iljxuh 61
Dv d ixuwkhu judsklfdo pdqlihvwdwlrq ri wklv skhqrphqrq/ Iljxuh 8 dovr lq0
foxghv wzr lqvhwv ghslfwlqj wkh qhwzrunv suhydlolqj dw wkh hqg ri wkh wlph krul}rq
iru wzr frqwudvwlqj vfhqdulrv= rqh zkhuh sd|r￿ yrodwlolw| lv orz +% @3 =35, dqg
dqrwkhu zkhuh lw lv uhodwlyho| kljk +% @3 =45,1 Wkhvh lqvhwv gr qrw rqo| surylgh
pruh wdqjleoh frq￿updwlrq wkdw wkh orqj0uxq qhwzrun vwuxfwxuh lv lqghhg srodu0
l}hg +l1h1 d vlqjoh jldqw frpsrqhqw frh{lvwlqj zlwk d pruh ru ohvv vl}deoh vhw ri
glvfrqqhfwhg sod|huv,1 Wkh| dovr looxvwudwh wkdw/ dv h{sodlqhg deryh shuwdlqlqj
wr wkh frkhvlyhqhvv ri wkh qhwzrun/ kljkhu yrodwlolw| ohdgv wr orzhu qhljkeru glv0
wdqfhv ￿ wklv lv khxulvwlfdoo| vxjjhvwhg e| wkh h{lvwhqfh ri d vljql￿fdqw qxpehu
;Iru fhuwdlq qrghv/ wkh glvwdqfhv ehwzhhq vrph ri wkhlu qhljkeruv frxog eh lq￿qlwh/ l1h1
wkhuh frxog eh qr sdwk mrlqlqj wkhp rwkhu wkdq wkh rqh sdvvlqj wkurxjk wkh qrgh lq txhvwlrq1
Wr dyrlg wklv sureohp lq frpsxwlqj dyhudjh glvwdqfhv/ L wuxqfdwh wkh qhljkeru glvwdqfh lq
wkrvh fdvhv wr eh htxdo wr ?c mxvw deryh wkh pd{lpxp srvvleoh ￿qlwh glvwdqfh ri ? 3 ￿￿ Wklv
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Iljxuh 7= Sd|r￿ yrodwlolw| dqg orqj0uxq dyhudjh qhljkeru glvwdqfh1
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Iljxuh 9= Sd|r￿ yrodwlolw| dqg orqj0uxq dyhudjh sd|r￿
ri sdwkv zlwk ￿orrvh￿ hqg qrghv iru wkh orzhu %> zkloh qr vxfk sdwkv h{lvw lq wkh
vhfrqg fdvh1<
Ilqdoo|/ ohw xv wxuq wr Iljxuh 9/ zklfk ghvfulehv wkh qhjdwlyh h￿hfw ri sd|r￿
yrodwlolw| rq wkh orqj0uxq dyhudjh sd|r￿ hduqhg shu lqwhudfwlrq +ru olqn,1 Wkh
hylghqfh jdwkhuhg khuh vhuyhv dv dq lqwhuhvwlqj frpsohphqw wr wkdw glvsod|hg lq
Iljxuh 61 Lw vkrzv wkdw/ dv % jurzv/ wkhuh lv qrw rqo| d ghfuhdvh lq wkh qhwzrun
frqqhfwlylw| +l1h1 jdphv ehlqj sod|hg, exw dovr lq wkh dyhudjh sd|r￿ hduqhg
shu olqn1 Wkh ghfolqh lq qhwzrun ghqvlw| zdv iruphuo| h{sodlqhg dv d nlqg ri
vrfldo0fdslwdo ghsuhfldwlrq wkdw uhqghuv d jurzlqj iudfwlrq ri suhh{lvwlqj olqnv
xqvwdeoh1 Lq frqwudvw/ wkh suhvhqw qhjdwlyh h￿hfw rq wkh dyhudjh sd|r￿ hduqhg
shu h{lvwlqj olqn vkrxog eh odujho| xqghuvwrrg dv d frqvhtxhqfh ri wkh qduurzhu
vfrsh ri vhdufk eurxjkw derxw e| wkh ghfuhdvlqj vl}h ri wkh qhwzrun*v odujhvw
frpsrqhqw1 Wklv pruh frq￿qhg +dqg wkxv ohvv h￿hfwlyh, vhdufk ghwhulrudwhv/
hyhq zkhq vxffhvvixo/ wkh h{shfwhg ohyho ri dwwdlqdeoh sd|r￿v1
71515 Qhwzrun0iuhh vwudwhjlf ehkdylru
Wr vkhg ixuwkhu oljkw rq wkh uhvxowv rewdlqhg iru rxu ohdglqj vfhqdulr lq wkh suhyl0
rxv vhfwlrq/ lw lv prvw lqvwuxfwlyh wr frpsduh lw zlwk rqh ghyrlg ri qhwzrun0edvhg
vwudwhjlf h￿hfwv1 Wkxv vxssrvh wkdw/ dv ghvfulehg lq Uhpdun 5/ sod|huv* vwudwhjlf
<Wr eh suhflvh/ lw wxuqv rxw wkdw wkh qhljkeru glvwdqfh ri wkh ￿uvw qhwzrun +0 ’ ff2￿ lv ￿￿S
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Serie1
Iljxuh := Qr qhwzrun h￿hfwv= sd|r￿ yrodwlolw| dqg orqj0uxq dyhudjh ghjuhh
ehkdylru qr orqjhu lv lq xhqfhg e| wkhvh h￿hfwv1 Wklv pd| eh xqghuvwrrg dv
uh hfwlqj d gl￿huhqw qrup ru frqyhqwlrq xvhg lq wkh vrflhw| ￿ rqh zkhuh sod|huv
uhdfw wr hdfk ri wkhlu sduwqhuv rqo| dffruglqj wr wkh lqirupdwlrq jdwkhuhg rq
wkhlu fruuhvsrqglqj elodwhudo sod|1 Wkhq/ vwudwhjlfdoo| vshdnlqj/ hyhu| sdluzlvh
lqwhudfwlrq lv wr eh uhjdughg dv ixoo| lqghshqghqw ri dq| rwkhu1 Wklv ohdyhv wkh
vrfldo qhwzrun zlwk wkh rqo|/ exw |hw lpsruwdqw/ uroh ri gh￿qlqj wkh fkdqqhov
wkurxjk zklfk wkh lqirupdwlrq gl￿xvhv dqg wkh srsxodwlrq frqgxfwv ruglqdu|
+￿orfdo￿, vhdufk1
Udwkhu wkdq sxuvxlqj d frpsohwho| sdudooho dqdo|vlv wr wkdw xqghuwdnhq eh0
iruh/ ohw xv uhvwulfw dwwhqwlrq wr rqo| wzr ri wkh yduldeohv zkhuh wkh frqwudvw lv
pruh dfxwh dqg lqwhuhvwlqj= dyhudjh qrgh ghjuhh +qhwzrun ghqvlw|,/ dqg dyhu0
djh qhljkeru glvwdqfh +qhwzrun frkhvlyhqhvv,1 E| uho|lqj rq lghdv dqdorjrxv wr
wkrvh xvhg lq wkh surri ri Sursrvlwlrq 5/ lw lv vwudljkwiruzdug wr vkrz wkdw wkh
vwrfkdvwlf surfhvv lqgxfhg lq wklv fdvh lv hujrglf dqg wkxv wkh orqj0uxq ydoxhv
iru wkhvh yduldeohv duh xqltxho| gh￿qhg1 Xqghu wkh vdph xqghuo|lqj sdudphwhuv
dv deryh/ wkhlu ghshqghqfh rq % lv glvsod|hg lq Iljxuhv : dqg ;1
Wkh pdlq srlqwv ri frqwudvw zlwk wkh ohdglqj qhwzrun0edvhg vfhqdulr zklfk
vsulqj xs iurp wkhvh uhvxowv fdq eh vxppdul}hg dv iroorzv1
41 Wkh elwh rq orqj0uxq qhwzrun ghqvlw| fdxvhg e| lqfuhdvhg yrodwlolw| pdq0
lihvwv lwvhoi dw pxfk orzhu udwhv wkdq lq wkh ruljlqdo vfhqdulr1 Vshfl￿fdoo|/
wkh dyhudjh ghjuhh vwduwv wr idfh d vljql￿fdqw idoo dw ydoxhv ri % wkdw duh
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update probability
Iljxuh ;= Qr qhwzrun h￿hfwv= sd|r￿ yrodwlolw| dqg orqj0uxq dyhudjh qhljkeru
glvwdqfh
51 Dq dgglwlrqdo/ dqg yhu| whoolqj/ gl￿huhqfh zlwk wkh ohdglqj iudphzrun
frqfhuqv wkh deuxswqhvv qrz revhuyhg lq wkh wudqvlwlrq iurp d kljk wr d
orz uhjlph lq qhwzrun ghqvlw|1 Lq wkh devhqfh ri qhwzrun vwudwhjlf h￿hfwv/
wklv wudqvlwlrq wdnhv sodfh txlwh vkduso|/ lq dw ohdvw wzr frpsohphqwdu|
vhqvhv1 Rq wkh rqh kdqg/ wkh ixoo fkdqjh lv hvvhqwldoo| frpsohwhg zlwklq
d udqjh iru % wkdw/ djdlq/ lv vkruwhu wkdq lq wkh ruljlqdo iudphzrun e|
dq rughu ri pdjqlwxgh1 Rq wkh rwkhu kdqg/ wkh vkdsh ri wkh ￿fxuyh￿
zklfk wudfhv wklv fkdqjh lv hvvhqwldoo| frqfdyh +l1h1 glvsod|v lqfuhdvlqj
gl￿huhqfhv, zlwklq wkh uhohydqw udqjh ri vljql￿fdqw qhwzrun frqqhfwlylw|1
Lq frqwudvw/ wkh dqdorjrxv fxuyh lq wkh ohdglqj vhwxs glvsod|v dq rssrvlwh
fxuydwxuh/ zlwk lqfuhdvhv lq % ohdglqj wr surjuhvvlyho| ohvv vl}deoh fkdqjhv
lq wkh qhwzrun ghjuhh1
61 Wkh ehkdylru ri frkhvlyhqhvv lq wkh suhvhqw fdvh +dv phdvxuhg e| wkh dy0
hudjh qhljkeru glvwdqfh, dovr glvsod|v d pdunhg frqwudvw zlwk wkh uhvxowv
rewdlqhg lq wkh ohdglqj vfhqdulr zlwk qhwzrun vwudwhjlf h￿hfwv1 Wkhuh/ zh
vwuhvvhg wkdw dq lqfuhdvh lq % ohdgv wr ulvlqj qhwzrun frkhvlyhqhvv/ dv wkh
hqgrjhqrxv zd| lq zklfk wkh vrfldo qhwzrun g|qdplfv hqgv xs sduwldoo|
r￿vhwwlqj wkh qhjdwlyh h￿hfwv ri lqfuhdvhg yrodwlolw|1 Qrz/ krzhyhu/ frkh0
vlyhqhvv hqwdlov qr uhohydqw sd|r￿ frqvhtxhqfhv/ dqg wkhuhiruh dq lqfuhdvh
lq % lqgxfhv d fruuhvsrqglqj ulvh lq qhljkeru glvwdqfh1 Dv h{sodlqhg deryh/
wklv pd| eh vlpso| lqwhusuhwhg dv d uh hfwlrq ri wkh idfw wkdw/ devhqw rwkhu
56frqvlghudwlrqv/ orzhu frqqhfwlylw| whqgv wr lqfuhdvh dq| phdvxuh ri judsk





Lq wklv vhfwlrq/ wkh remhfwlyh lv wr frpsohphqw wkh iruphu qxphulfdo dqdo|vlv e|
uhvruwlqj wr d phdq0￿hog dqdo|vlv ri wkh prgho1 Wklv lv wkh dssurdfk frpprqo|
dssolhg lq vwdwlvwlfdo sk|vlfv iru wkh vwxg| ri odujh frpsoh{ v|vwhpv ri lqwhudfwlqj
hqwlwlhv143 Lq d qxwvkhoo/ zkdw xqghuolhv wklv dssurdfk lv wkh suhvxpswlrq wkdw/ lq
wkh suhvhqfh ri d odujh qxpehu ri vwrfkdvwlf lqwhudfwlrqv/ wkh djjuhjdwh ehkdylru
ri wkh v|vwhp fdq eh uhdvrqdeo| zhoo xqghuvwrrg +l1h1 ￿prghoohg￿, lq h{shfwhg
whupv1 Wklv/ lq hvvhqfh/ dprxqwv wr srvlwlqj d ghwhuplqlvwlf uhsuhvhqwdwlrq ri
wkh surfhvv wkdw glvuhjdugv  xfwxdwlrqv dqg rqo| ghshqgv rq wkh dyhudjh +ru
h{shfwhg, pdjqlwxghv ri wkh yduldeohv lqyroyhg1
Wkh phdq0￿hog ghvfulswlrq ri wkh prgho frqvlghuhg khuh lv sduwlfxoduo| vlp0
soh/ vlqfh lwv olplwhg dlp lv wr vkhg oljkw rq wkh vkdus frqwudvw ehwzhhq wkh
qhwzrun0edvhg dqg qhwzrun0iuhh vfhqdulrv revhuyhg lq Vxevhfwlrqv 71514 dqg
715151 Wkh sulpdu| irfxv lv rq prghoolqj krz yrodwlolw| d￿hfwv vwdelolw| ri h{0
lvwlqj olqnv zkloh/ iru h{dpsoh/ wkh h￿hfw ri qhwzrun dufklwhfwxuh rq vhdufk lv
lqwurgxfhg lq dq rshq0hqghg idvklrq1 Dv lqglfdwhg/ d vxevwdqwldoo| ulfkhu prg0
hoolqj ri wkhvh dqg rwkhu ihdwxuhv +h1j1 wkh hyroylqj frkhvlyhqhvv ri wkh qhwzrun
ri wkh ryhudoo ghjuhh glvwulexwlrq, lv fduulhg rxw lq wkh frpsdqlrq sdshu e|
Pduvlol/ Yhjd0Uhgrqgr/ dqg Vodqlqd +5336,1
Wkh phdq0￿hog g|qdplfv +PIG, vwxglhg ehorz irfxvhv rq rqh ri wkh nh|
yduldeohv ri wkh prgho= wkh dyhudjh qrgh ghjuhh/ d phdvxuh ri qhwzrun ghqvlw|1
Wr foduli| lwv gl￿huhqw frpsrqhqwv/ L suhvhqw wkh g|qdplfv lq wkuhh vwdjhv1 Iluvw/
L irupdol}h wkh phfkdqlvp ri olqn uhprydo lqgxfhg e| wkh uhtxluhphqw ri sdluzlvh
vwdelolw|1 Vhfrqg/ L vshfli| krz wklv phfkdqlvp rshudwhv lq wkh suhvhqfh ri sd|r￿
yrodwlolw|1 Odvwo|/ L lqwurgxfh wkh surfhvv ri vhdufk dqg fuhdwlrq ri qhz olqnv1
Jlyhq dq| srvvleoh olqn lm 5 Q ￿ Q> ohw ￿lm+w, 5i 3>4j vshfli| zkhwkhu wklv
olqn lv lq sodfh dw w +dq hyhqw zklfk lv vljql￿hg e| ￿lm+w,@4 ,ru qrw +ghqrwhg
e| ￿lm+w, @3 ,= Wkhq/ iru dq| vxfk olqn lm> wkh g|qdplfv ri olqn0uhprydo +gxh wr
sdluzlvh lqvwdelolw|, pd| eh irupxodwhg dv iroorzv=
￿lm+w .4 , @ ￿lm+w, ￿L^￿lm+w .4 , ￿ ￿lm+w .4 ,‘> +9,
zkhuh=
￿ ￿lm+w.4, lv wkh frrshudwlrq sd|r￿ suhydlolqj dw w.4iru wkh jdph sod|hg
e| l dqg m +lw pd| qrupdol}hg wr }hur zkhq qr olqn frqqhfwv l dqg m,>
￿L ^￿‘ lv dq lqglfdwru ixqfwlrq gh￿qhg e| L^|‘ @3li |?3 dqg L^|‘ @4li
| ￿ 3> dqg
43Vhh/ iru h{dpsoh/ wkh fodvvlfdo prqrjudsk e| Vwdqoh| +4<:4,1
57￿ ￿lm+w .4 ,wkh wkuhvkrog iru wkh frrshudwlrq sd|r￿ ￿lm wkdw lv uhtxluhg ￿
jlyhq wkh suhydlolqj qhwzrun dqg rwkhu sd|r￿v +fi1+8,, ￿ iru wkh sdluzlvh












dqg *ml+w .4 ,lv gh￿qhg uhflsurfdoo|1
Qh{w/ frpelqlqj +9, zlwk wkh surfhvv ri sd|r￿ xsgdwh wkdw d￿hfwv hdfk olqn
zlwk suredelolw| %/ wkh iroorzlqj odz ri prwlrq uhvxowv=




zkhuh i￿ lv wkh frqwlqxrxv ghqvlw| wkdw jryhuqv hyhu| sd|r￿ gudz dqg wkh
lpsolflw dvvxpswlrq deryh lv wkdw wkh srlqw h{shfwdwlrq rq ￿lm lv ￿vwdwlf￿/ l1h1
￿lm+w.4, @ ￿lm+w,1 Xqghu wkrvh frqglwlrqv/ wkh deryh h{suhvvlrq vlpso| uh hfwv
wkh lghd wkdw dq| h{lvwlqj olqn lm zklfk lv qrw vxemhfw wr d sd|r￿ xsgdwh lv
wdnhq wr uhpdlq lq sodfh dqg/ iru wkrvh zklfk gr h{shulhqfh vxfk dq xsgdwh/
wkhlu suredelolw| ri uhpdlqlqj lq sodfh lv Sui￿lm ￿ ￿lm+w,j=
Wkhq/ wkh nh| dssur{lpdwlrq vwhs xqghuwdnhq e| wkh phdq0￿hog dssurdfk
lv wzrirog1 Iluvwo|/ lw lghqwl￿hv wkh h{shfwhg dqg dfwxdo prwlrq> vr wkdw wkh
dyhudjh ghjuhh dw w .4 > ghqrwhg e| ￿+w .4 ,> lv pdgh htxdo wr=







Hw ^￿lm+w .4 ,‘=
Vhfrqgo|/ lw uhsodfhv wkh olqn0vshfl￿f pdjqlwxghv lq +;, ￿ lq sduwlfxodu/ hdfk
￿lm+w, ￿ e| dq dyhudjh a ￿+w, frpsxwhg dfurvv doo olqnv lm suhydlolqj dw w= Wklv
ohdgv wr wkh iroorzlqj gl￿huhqfh htxdwlrq=
￿+w .4 , @
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Ilqdoo|/ wkh surfhvv ri vhdufk dqg fuhdwlrq ri qhz olqnv lv lqwurgxfhg1 Vlqfh
wklv frpsrqhqw ri wkh g|qdplfv sod|v d vhfrqgdu| uroh iru rxu suhvhqw frqfhuqv/
zh prgho wkh fuhdwlrq ri qhz olqnv lq d uhgxfhg irup wkurxjk d jhqhudo gl￿hu0
hqwldeoh ixqfwlrq !+￿, ri wkh fxuuhqw ghjuhh ￿ 5 ^3>5p‘> zkhuh uhfdoo wkdw p lv
wkh pd{lpxp qxpehu ri olqnv wkdw dq| jlyhq lqglylgxdo fdq vxssruw +wkhuhiruh/
5p lv wkh pd{lpxp dyhudjh ghjuhh,1 Wkhq/ wkh surshuwlhv dvvxphg rq djhqwv*







Wkh ￿uvw frqglwlrq lv d frqvhtxhqfh ri wkh idfw wkdw/ zkhq wkhuh duh qr olqnv
dydlodeoh/ rqo| joredo vhdufk fdq frqwulexwh +li vxffhvvixo, vrph olqnv1 Rq wkh
rwkhu kdqg/ wkh vhfrqg frqglwlrq vlpso| iroorzv iurp wkh idfw wkdw qr pruh olqnv
fdq eh fuhdwhg zkhq djhqwv duh douhdg| dw pd{lpxp olqn0vxssruwlqj fdsdflw|1
Ilqdoo|/ lw lv qdwxudo wr srvwxodwh wkdw/ ehorz wklv fdsdflw|/ vhdufk |lhogv vrph
h{shfwhg lqfuhdvh lq frqqhfwlylw|/ l1h1
!+￿, A 3> ;￿?5p
zkloh/ dw orz frqqhfwlylw|/ zh kdyh=
!
3+3, @3 = +<,
Wkh odwwhu frqglwlrq kdv ehhq h{solflwo| ghulyhg iurp dq h{solflw irupdol}dwlrq ri
orfdo vhdufk lq Pduvlol/ Yhjd0Uhgrqgr/ dqg Vodqlqd +5336,1 Lw lv lqwxlwlyh vlqfh
zkhq rqo| yhu| ihz olqnv duh lq sodfh/ wkh qhwzrun lv frpsrvhg ri lvrodwhg sdluv
dqg wkxv orfdo vhdufk lv iuxlwohvv1
Eulqjlqj wrjhwkhu wkh gl￿huhqw frpsrqhqwv ri wkh g|qdplfv lqwurgxfhg deryh/
zh duulyh dw wkh iroorzlqj gl￿huhqfh htxdwlrq=
￿+w .4 , @ ^4 ￿ %
] a ￿+w,
￿
i￿+}, g}‘ ￿+w, . !+￿+w,,
zklfk/ iru dqdo|wlfdo wudfwdelolw|/ lv frqyhqlhqw wr wudqvirup lqwr wkh dqdorjxh
gl￿huhqwldo htxdwlrq=
b ￿+w, @ ￿%^
] a ￿+w,
￿
i￿+}, g}‘ ￿+w, . !+￿+w,, +43,
zkhuh wkh sdudphwhuv % dqg ￿> ru wkh ydoxh ri wkh ixqfwlrq !+￿, duh wkhq lqwhu0
suhwhg dv udwhv lq frqwlqxrxv wlph1
Wkh deryh jhqhudo irupxodwlrq lv dssolfdeoh hlwkhu li qhwzrun0edvhg vwudwhjlf
h￿hfwv duh suhvhqw ru wkh| duh qrw1 Wkhvh wzr dowhuqdwlyh vfhqdulrv rqo| gl￿hu lq
wkh vshfl￿fdwlrq ri wkh wkuhvkrog a ￿+w,= Vwduwlqj zlwk wkh odwwhu fdvh/ wkh devhqfh
ri qhwzrun h￿hfwv lv vlpso| fdswxuhg e| wkh frqvwdqw lghqwl￿fdwlrq ri a ￿+w, zlwk
￿
+4￿￿,
￿ +fi1 Uhpdun 5,1 Wklv sduwlfxodul}hv wkh g|qdplfv +43, dv iroorzv=





i￿+}, g}‘ ￿+w, . !+￿+w,,= +44,
59Wr vhh krz wklv irupxodwlrq ohdgv wr wkh vkdus skdvh wudqvlwlrq revhuyhg lq wkh
vlpxodwlrqv/ vxssrvh wkdw/ dv zh kdyh pdlqwdlqhg wkurxjkrxw/ ￿ ?￿
+4￿￿,
￿ ? ￿=
Wkhq/ ￿uvw qrwh wkdw iru vpdoo %> +44, |lhogv d xqltxh joredoo| vwdeoh vwdwh
dw ￿pd{ @5 p zlwk pd{lpxp frqqhfwlylw|1 Rq wkh rwkhu kdqg/ lw fdq dovr eh
vkrzq wkdw/ dv % ulvhv/ wkhuh lv d wkuhvkrog rq % zklfk pdunv d glvfrqwlqxlw| lq wkh
txdolwdwlyh ehkdylru ri wkh g|qdplfv dnlq wr wkdw revhuyhg lq wkh vlpxodwlrqv1 Wr
pdnh wklv srlqw lq wkh vwdunhvw pdqqhu/ lw lv xvhixo wr irfxv rq wkh h{wuhph fdvh
zkhuh ￿ @3dqg wkxv !+3, @ 3= +Wkh uhdghu fdq hdvlo| fkhfn wkdw dq dqdorjrxv
frqfoxvlrq zrxog eh uhdfkhg iru vpdoo srvlwlyh ￿=,44 Ohw a ￿+%, vwdqg iru wkh
kljkhvw htxloleulxp ghjuhh zklfk lv dv|pswrwlfdoo| +orfdoo|, vwdeoh dffruglqj wr
wkh phdq0￿hog g|qdplfv1 Wkhq/ wkh fodlp lv wkdw wkhuh duh vrph ￿ % dqg ￿ ￿> erwk
vwulfwo| srvlwlyh/ vxfk wkdw
%?￿ % , a ￿+%, ￿ ￿ ￿ +45,
% ￿ ￿ % , a ￿+%, @3 = +46,
Wr yhuli| wklv fodlp/ qrwh wkdw/ lq rughu wr kdyh dq dv|pswrwlfdoo| vwdwh dw vrph






i￿+}, g}‘ ￿￿ A!
3+￿￿,=
Wkhuhiruh/ d qhfhvvdu| dqg vx!flhqw frqglwlrq iru vxfk d frqglwlrq wr krog dw
























zklfk lv dozd|v zhoo0gh￿qhg/ lq ylhz ri +<,1 Lq wxuq/ ￿ ￿ pd| eh uhdglo| gh￿qhg
dv iroorzv=






wkdw lv vxuh wr eh srvlwlyh/ djdlq e| yluwxh ri +<,1
Frqglwlrqv +45,0+46, lpso| wkdw zkhwkhu ru qrw wkh phdq0￿hog g|qdplfv
+PIG, fdq vxvwdlq lq d urexvw +ru orfdoo| vwdeoh, idvklrq vrph srvlwlyh qhwzrun
ghqvlw| ghshqgv glvfrqwlqxrxvo| rq wkh yrodwlolw| sdudphwhu1 Wklv/ L qrz dujxh/
lv lq olqh zlwk wkh vlpxodwlrq uhvxowv rewdlqhg iru wkh ruljlqdo vwrfkdvwlf v|vwhp
44Lq wkdw fdvh/ wkh vwdwhphqw wkdw ￿ VE0￿ idoov glvfrxqwlqxrxvo| wr }hur dv 0 h{fhhgv wkh
wkuhvkrog zrxog kdyh dv frxqwhusduw wkdw ￿ VE0￿ lv dq lq￿qlwhvlpdo lq # +l1h1 frqyhujhv wr }hur
dv # ￿ f￿￿ Khuh/ ri frxuvh/ zh lpsolflwo| dvvxph wkdw ￿EV￿ lv mrlqwo| frqwlqxrxv lq erwk V dqg
wkh xqghuo|lqj #￿
5:dqg vkhgv vrph qhz oljkw rq lw1 Wkh PIG uh hfwv dyhudjh ru h{shfwhg prwlrq/
dqg e| frqvwuxfwlrq devwudfwv iurp vwrfkdvwlf  xfwxdwlrqv1 Krzhyhu/ zkhq vxfk
 xfwxdwlrqv gr rshudwh/ wkh PIG vwloo vlqjohv rxw zkdw vruw ri ehkdylru wkdw pd|
eh revhuyhg zlwk vrph shuvlvwhqfh/ erwk dfurvv qrghv dqg2ru wlph1 Rqo| wkh
ehkdylru ri wkrvh vwdwhv wkdw duh orfdoo| vwdeoh lq wkh PIG pd| eh uhsuhvhqwdwlyh
ru w|slfdo lq wkh ruljlqdo vwrfkdvwlf surfhvv1 Lq wklv oljkw/ d udwkhu plqlpdolvw45
lpsolfdwlrq ri wkh phdq0￿hog dqdo|vlv deryh fdq eh vxppdul}hg dv iroorzv= dv
yrodwlolw| ulvhv/ wkh fruuhvsrqglqj qhwzrun ghqvlw| vkrxog h{klelw dq deuxsw
ghfuhdvh wr yhu| orz ohyhov zkhq wkh yrodwlolw| udwh % h{fhhgv vrph xqghuo|lqj
wkuhvkrog1 Wklv/ lq hvvhqfh/ lv zkdw zdv revhuyhg lq wkh qxphulfdo vlpxodwlrqv
ri wkh surfhvv lq wkh devhqfh ri qhwzrun0edvhg h￿hfwv1
E| zd| ri frqwudvw/ ohw xv qrz wxuq rxu dwwhqwlrq wr wkh srodu vfhqdulr zkhuh
vxfk qhwzrun h￿hfwv gr lpslqjh rq djhqwv* vwudwhjlf ehkdylru1 Wkh frqvhtxhqfh
ri wklv ihdwxuh rq wkh PIG irupxodwlrq jlyhq e| +43, lv wkdw a ￿+w, fdq qr orqjhu
eh dvvxphg frqvwdqw exw kdv wr eh srvlwhg ghshqghqw rq ￿+w, ￿ wkh vwdwh ri wkh
v|vwhp ￿ wkurxjk d fhuwdlq ixqfwlrq k+￿,= Wklv ohdgv wr d sduwlfxodul}dwlrq ri
+43, dv iroorzv=
b ￿+w, @ ￿%^
] k+￿+w,,
￿
i￿+}, g}‘ ￿+w, . !+￿+w,,= +47,







k+5p, ?￿ = +49,
Ghqrwh e| I+￿, ￿￿ %^
U k+￿,
￿ i￿+}, g}‘ ￿ . !+￿, wkh ixqfwlrq jryhuqlqj wkh
g|qdplfv lq +47,1 Wkhq/ +48, dqg +49,/ lq frpelqdwlrq zlwk +<,/ lpso| wkdw
wkhuh duh vrph +uhodwlyh, qhljkerukrrgv ri ￿ @3dqg ￿ @5 p/ Z3 dqg Z5p
uhvshfwlyho|/ vxfk wkdw
￿ 5 Z3qi3j,I+￿, ? 3 +4:,
￿ 5 Z5pqi5pj,I+￿, A 3= +4;,
45Khuh/ L dp rqo| frqfhuqhg zlwk uhsurgxflqj wklv txdolwdwlyh ihdwxuh ri wkh prgho1 Krz0
hyhu/ d vxevwdqwldoo| ulfkhu vhw ri lpsolfdwlrqv +erwk txdolwdwlyh dqg txdqwlwdwlyh, pd| eh
rewdlqhg li rqh lv uhdg| wr frpsolfdwh wkh phdq0￿hog ghvfulswlrq ri wkh g|qdplfv dqg prgho
h{solflwo| vrph dgglwlrqdo frpsrqhqwv +h1j1 vhdufk,1 Wkh lqwhuhvwhg uhdghu lv uhihuuhg wr PVY
iru dq hoderudwlrq dorqj wkhvh olqhv1
46Frqglwlrq +49, lpsolflwo| suhvxphv wkdw 6 lv odujh hqrxjk dqg wkdw/ dv lw vhhpv lqwxlwlyh/
dyhudjh sd|r￿v gr qrw ghfuhdvh/ ru qhljkeru glvwdqfhv lqfuhdvh/ zlwk frqqhfwlylw|1 Lq dq|
fdvh/ wklv frqglwlrq lv dpso| vdwlv￿hg lq wkh vlpxodwlrqv uhsruwhg lq Vxevhfwlrq 715 zkhq wkh
qhwzrun ghjuhh lv kljk +l1h1 iru qrghv lq wkh odujh dqg ghqvh frpsrqhqw, li zh iroorz wkh
phdq0￿hog dssurdfk ri hvwlpdwlqj wkh ￿w|slfdo% q￿￿ wkurxjk h{suhvvlrq +:, e| uhsodflqj wkh
sd|r￿v dqg qhljkeru glvwdqfhv lq lw e| wkhlu dyhudjh ydoxhv1
5;Wkhvh frqglwlrqv lpso| wkdw erwk hqgv ri wkh vwdwh vsdfh ^3>5p‘ duh orfdoo|
vwdeoh iru wkh PIG lq wkh suhvhqw fdvh1 Wkxv/ li zh uho| djdlq rq wkh qrwdwlrq
a ￿+%, wr ghqrwh wkh kljkhvw htxloleulxp ghjuhh zklfk lv dv|pswrwlfdoo| vwdeoh
dffruglqj wr wkh suhvhqw PIG/ lw qrz iroorzv wkdw a ￿+%,@5 p iru doo % ￿ 3=
Wklv vxjjhvwv wkdw dq deuxsw idoo lq frqqhfwlylw| wr yhu| orz ohyhov vkrxog qrw
qhfhvvdulo| kdsshq lq wkh ruljlqdo surfhvv zkhq sod|huv*v ehkdylru lv d￿hfwhg
e| qhwzrun h￿hfwv/ zklfk lv lqghhg wkh frqfoxvlrq looxvwudwhg lq wkh qxphulfdo
vlpxodwlrqv147
Zkdw h{sodlqv wkh frqwudvw ehwzhhq wkh wzr qhwzrun0edvhg dqg wkh qhwzrun0
iuhh vfhqdulrvB Wkh phdq0￿hog ghvfulswlrq ri wkh surfhvv vxjjhvwv d txlwh wudqv0
sduhqw dqvzhu1 Zkhq qhwzrun h￿hfwv duh suhvhqw/ dq djhqw zlwk kljk frqqhfwly0
lw| dovr whqgv wr kdyh/ rq dyhudjh/ d orfdo lqwhufrqqhfwhg qhwzrun dufklwhfwxuh
zklfk ghwhuv rssruwxqlvwlf ehkdylru/ hyhq zkhq dq| ri khu olqnv duh vxemhfw wr
d qhjdwlyh uhgudz ri lwv sd|r￿1 Wklv/ lq hvvhqfh/ lv zkdw lv uh hfwhg e| +4;, lq




i￿+}, g}‘ ￿ @3 >
lqghshqghqwo| ri %= Lq frqwudvw/ li qhwzrun h￿hfwv duh devhqw/ wkhuh lv dozd|v d
qhjdwlyh guliw rq frqqhfwlylw| lqgxfhg e| yrodwlolw|/ d skhqrphqrq fdswxuhg lq







iru doo %A3 dqg ￿A3= Wklv idfw pdnhv lw lpsrvvleoh wkdw d vl}deoh qhwzrun
ghqvlw| pljkw eh vxssruwhg xqghu odujh yrodwlolw| dqg/ lq frpelqdwlrq zlwk +<,/








Wkh dssurdfk sxuvxhg khuh ehduv rq d qxpehu ri gl￿huhqw wrslfv/ qrw rqo| lq
wkh ￿hogv ri jdph wkhru| dqg hfrqrplfv exw dovr lq vrflrorj| ru wkh dqdo|vlv ri
frpsoh{ v|vwhpv1 Ohw ph uhihu wr hdfk ri wkhp lq wxuq1
Iluvw/ zh pd| ylhz wkh wkhruhwlfdo iudphzrun sursrvhg dv vlplodu lq vslulw
wr wkdw ri wkh hyroxwlrqdu| olwhudwxuh/ zkhuh sod|huv duh dvvxphg wr lqwhudfw
wkurxjk d fhuwdlq jdph dqg wkh orqj0uxq frq￿jxudwlrq lv rewdlqhg wkurxjk d
judgxdo vwrfkdvwlf surfhvv ri ohduqlqj dqg dgmxvwphqw1 Wkh hduo| sduw ri wklv
olwhudwxuh +fi1 Ndqgrul/ Pdlodwk/ dqg Ure +4<<6,/ \rxqj +4<<6,/ ru Hoolvrq
+4<<6,, frqvlghuhg d vhw zkhuh wkh sdwwhuq ri lqwhudfwlrq ri sod|huv +joredo ru
47Lq idfw/ rqh fdq ixuwkhu vshfldol}h wkh PIG zlwk dgglwlrqdo dvvxpswlrqv +h1j1 olqhdulw|
ri ￿Eu￿ ru xqliruplw| ri wkh sd|r￿ glvwulexwlrq￿ wr frqfoxgh wkdw V ’f c26 duh wkh rqo|
dv|pswrwlfdoo| vwdeoh vwdwhv xqghu qhwzrun h￿hfwv ￿ fi1 Yhjd0Uhgrqgr +5335,1 Lq wklv fdvh/
wkhuh lv ri frxuvh dq dgglwlrqdo xqvwdeoh htxloleulxp ￿ VE0￿ M Efc26￿ zklfk vhsdudwhv wkh edvlqv
ri dwwudfwlrq ri wkh rwkhu wzr/ dqg zklfk fdq eh vhhq wr ydu| frqwlqxrxvo| zlwk 0￿
5<orfdo, lv ￿{hg wkurxjkrxw/ exw uhfhqw zrun h{whqgv wkh dqdo|vlv wr d frqwh{w
zkhuh wkh qhwzrun lv qrw ￿{hg exw frhyroyhv zlwk sod|huv* jdph ghflvlrqv ￿
vhh h1j1 Gurvwh hw do1 +4<<<,/ Jr|do dqg Yhjd0Uhgrqgr +4<<<,/ ru Mdfnvrq dqg
Zdwwv +4<<<,1
Wkh odwwhu dssurdfk/ ri frxuvh/ ehduv d forvh uhodwlrqvkls wr wkh errplqj
erg| ri olwhudwxuh zkrvh vshfl￿f frqfhuq lv wkh vwxg| ri sxuh prghov ri qhwzrun
irupdwlrq1 Rqh ri wkh hduolhvw sdshuv lq wklv ￿hog zdv Dxpdqq dqg P|huvrq
+4<;<,/ zlwk wkh pruh uhfhqw sdshu e| Mdfnvrq dqg Zrolqvn| +4<<9, kdylqj
sod|hg dq lpsruwdqw uroh lq uhylylqj lqwhuhvw lq wklv wrslf1 Zkhuhdv wkh dssurdfk
ri wkhvh sdshuv lv prvwo| vwdwlf/48 dq h{solflw g|qdplf dssurdfk wr wkh sureohp
lv xqghuwdnhq lq Edod dqg Jr|do +5333,1
Lq wkh ydvw duhd ri uhshdwhg jdphv/ wkhuh duh wzr sdshuv/ Ndqgrul +4<<5, dqg
Hoolvrq +4<<7,/ zklfk vkduh vrph prwlydwlrq zlwk rxu dssurdfk1 Wkh| sursrvh d
prgho zkhuh d odujh srsxodwlrq ri sod|huv duh uhshdwhgo| dqg udqgrpo| pdwfkhg
wr sod| d Sulvrqhu Glohppd jdph1 Wkh| ￿qg wkdw/ lq wklv frqwh{w/ lw pd| eh vwloo
srvvleoh wr lqgxfh frrshudwlrq wkurxjk d vrfldo qrup +htxloleulxp, wkdw uhdfwv wr
dq| ghyldwlrq e| sxqlvklqj vxevhtxhqw sduwqhuv1 Lq d vhqvh/ wkh uhodwlrqvkls ri
wkhvh sdshuv wr rxu zrun lv sdudooho wr wkdw glvsod|hg e| wkh hduo| hyroxwlrqdu|
olwhudwxuh zlwk ￿{hg dqg joredo lqwhudfwlrq vwuxfwxuh1 Wkdw lv/ wkh| hpehg
sod|huv* lqwhudfwlrq lq d srsxodwlrq frqwh{w exw devwudfw iurp wkh h￿hfw ri vrfldo
vwuxfwxuh e| srvwxodwlqj d ￿{hg dqg joredo sdwwhuq ri sod|1
Vwloo lq wkh duhd ri uhshdwhg jdphv/ wzr dgglwlrqdo uhodwhg sdshuv duh Ehuq0
khlp dqg Zklqvwrq +4<<3, dqg Kddj dqg Odjxqr￿ +5333,1 Wkh iruphu vwxglhv
d prgho ri pxowlpdunhw frooxvlrq zkhuh d jurxs ri ￿upv sduwlflsdwlqj lq vrph
frpprq vhw ri pdunhwv pd| ghflgh wr pdnh wkhlu ehkdylru lq dq| rqh ri wkhp
ghshqg rq zkdw kdv ehhq revhuyhg lq rwkhu pdunhwv1 Qdwxudoo|/ wklv hqkdqfhv
wkh frooxvlrq +l1h1 frrshudwlrq, srwhqwldo lq zd|v dqdorjrxv wr wkrvh frqvlghuhg
khuh1 Wkh nh| gl￿huhqfh lv wkdw wkh  rz ri lqirupdwlrq lv lqvwdqwdqhrxv dqg
lqwhudfwlrq lv mrlqw +exw vhjphqwhg,/ vr wkdw qr skhqrphqd dulvh dqdorjrxv wr
wkrvh fkdqqhohg khuh wkurxjk wkh vrfldo qhwzrun1
Lqvwhdg/ wkh sdshu e| Kddj dqg Odjxqr￿ grhv vwxg| d vhwxs zkhuh sod|huv
duh lqyroyhg lq uhshdwhg lqwhudfwlrq zlwk sduwqhuv vshfl￿hg e| vrph jlyhq vrfldo
qhwzrun1 Lwv dssurdfk/ krzhyhu/ lv prvwo| qrupdwlyh dqg vwdwlf1 Dq dgglwlrqdo
lpsruwdqw gl￿huhqfh lv wkdw sod|huv duh dozd|v irufhg wr sod| wkh vdph dfwlrq
￿ frrshudwh ru ghihfw ￿ zlwk hyhu|rqh ri wkhlu qhljkeruv/ vr wkdw wkh h￿hfw ri
wkh vrfldo qhwzrun rq ehkdylru lv pdgh pxfk pruh srzhuixo wkdq lq wkh prgho
vwxglhg lq wklv sdshu1
Wkh vwxg| ri vrfldo qhwzrunv kdv kdugo| ehhq d suhvhuyh ri hfrqrplvwv ru
jdph wkhrulvwv1 Udwkhu/ lw kdv orqj ehhq d sulpdu| remhfw ri vwxg| e| vrflrorjlvwv
ru dssolhg sv|fkrorjlvwv1 Ehvlghv wkh uhvhdufk lw kdv vsdzqhg lq frqqhfwlrq wr
wkh qrwlrq ri vrfldo fdslwdo +zklfk lv glvfxvvhg odwhu,/ surplqhqw vrflrorjlvwv vxfk
dv Pdun Judqryhwwhu +4<:6, ru Urqdog Exuw +4<;5, kdyh sodfhg lw dw wkh fhqwhu
ri vrflrorjlfdo lqtxlu|1 Iru h{dpsoh/ wkh qrwlrqv ri ￿zhdn wlhv￿ kljkoljkwhg e|
48Iru h{dpsoh/ Mdfnvrq dqg Zrolqvn| uho| rq d qrwlrq ri sdluzlvh0vwdelolw| wkdw lv dnlq wkdw
lqwurgxfhg lq Gh￿qlwlrq4 1
63Judqryhwwhu/ ru ￿vwuxfwxudo krohv￿ gxh Exuw kdyh jlyhq ulvh wr d odujh erg|
ri wkhruhwlfdo dqg hpslulfdo zrun lq vrflrorj|/ zklfk vwloo frqwlqxhv wr wkulyh1
Rwkhu hduo| dqg zhoo0nqrzq uhvhdufk zdv fduulhg rxw e| Plojudp +4<9:,/d q
dssolhg sv|fkrorjlvw/ zkr ghprqvwudwhg wkurxjk d fohyhu vlpsoh h{shulphqw
wkh vxusulvlqj orz qxpehu ri vwhsv zklfk whqg wr vhsdudwh dq| wzr duelwudulo|
fkrvhq lqglylgxdov lq pdq| odujh vrfldo qhwzrunv1 Wklv skhqrphqrq/ zklfk ohg
wr wkh whup ￿vpdoo zruog￿ +qhwzrun,/ kdv uhfhqwo| dwwudfwhg pxfk dwwhqwlrq e|
sk|vlflvwv dqg rwkhu uhvhdufkhuv lqwhuhvwhg lq wkh vwxg| ri frpsoh{ v|vwhpv +fi1
Zdwwv dqg Vwurjdw} +4<<;, dqg Qhzpdq hw do1 +5333,,1
Ilqdoo|/ L forvh wklv eulhi uhylhz e| uhihuulqj wr wkh olwhudwxuh rq vrfldo fdsl0
wdo/ wkh qrwlrq wkdw kdv ehhq xvhg lq wkh Lqwurgxfwlrq wr prwlydwh wkh suhvhqw
dssurdfk1 Udwkhu wkdq dwwhpswlqj d qhfhvvdulo| vxshu￿fldo vxuyh| ri wkh ydvw
dqg glyhuvh udqjh ri uhvhdufk wkdw jrhv xqghu wklv khdglqj/ lw vkrxog eh pruh
xvhixo wr irfxv rq wkh zrun ri Frohpdq +4<;;,/ dujxdeo| wkh dxwkru zkr +wr0
jhwkhu zlwk Sxwqdp +4<<6,, eurxjkw wkh frqfhsw ri vrfldo fdslwdo wr surplqhqfh
lq vrflr0hfrqrplf dqdo|vlv1 Kh lv dovr rqh ri wkh dxwkruv zkr kdv frqfhlyhg lw
pruh lq olqh zlwk wkh ylhz hvsrxvhg khuh ￿ vhh h1j1 Frohpdq +4<<3/ Fk1 45,1
Iru klp/ vrfldo fdslwdo lv dq lqkhuhqwo| uhodwlrqdo frqfhsw/ wr eh uhjdughg dv dq
dwwulexwh ri wkh vrfldo qhwzrun1 Lw lv wkh nh| idfwru h{sodlqlqj wkh lqwhqvlw| dqg
vwdelolw| ri vrflrhfrqrplf lqwhudfwlrq dqg dovr uhsuhvhqwv wkh edvlv ri wuxvw lq
uhshdwhg lqwhudfwlrq +lq sduwlfxodu/ Frohpdq riwhq xvhv wkh Sulvrqhu*v Glohppd
dv wkh sdudgljpdwlf vhwxs wr dgguhvv wklv lvvxh,1 Krzhyhu/ iru vxfk d wuxvw wr
hphujh/ zkdw kh fdoov wkh forvxuh ri wkh vrfldo qhwzrun +dqdorjrxv wr rxu qrwlrq
ri frkhvlyhqhvv, lv jhqhudoo| nh|1 Kh dujxhv/ pruhryhu/ wkdw vrfldo fdslwdo lv riwhq
xqghusurylghg/ vlqfh wkh vwurqj h{whuqdolwlhv dvvrfldwhg wr lw duh w|slfdoo| qrw
lqwhuqdol}hg e| lqglylgxdov* rzq olqn0lqyhvwphqw ghflvlrqv1 Ilqdoo|/ kh vwuhvvhv
wkdw vrfldo fdslwdo lv d vwrfn zklfk/ ohiw wr lwvhoi/ ghsuhfldwhv zlwk wlph dqg wkdw/
li lw lv wr eh +uh,exlow vxffhvvixoo|/ pxvw kdyh lqwhu0djhqw uhodwlrqv hqmr| d vxi0
￿flhqwo| vwdeoh hqylurqphqw1 Wkh uhdghu zloo uhfrjql}h lq wkhvh srlqwv pdq| ri
wkh ihdwxuhv wkdw kdyh lqiruphg +erwk lq prghoolqj dqg prwlydwlrq, wkh dqdo|vlv
xqghuwdnhq lq wklv sdshu1






Wklv sdshu kdv vwxglhg d vw|ol}hg prgho ri qhwzrun irupdwlrq lq zklfk sod|0
huv duh lqyroyhg lq dq lq￿qlwho| uhshdwhg Sulvrqhu*v Glohppd zlwk hdfk ri khu
qhljkeruv1 Lqirupdwlrq rq sdvw ehkdylru  rzv judgxdoo| dorqj wkh qhwzrun/ d
ihdwxuh wkdw lpslqjhv fuxfldoo| rq wkh udqjh ri qhwzrun frq￿jxudwlrqv wkdw fdq
eh vxssruwhg lq d sdluzlvh vwdeoh idvklrq1 Wkh xqghuo|lqj sd|r￿ frqglwlrqv
fkdqjh ryhu wlph/ zklfk lq wxuq pd| d￿hfw wkh vwdelolw| ri hvwdeolvkhg olqnv
dqg fuhdwh wkh rssruwxqlw| wr irup qhz rqhv1 Wkh dqdo|vlv kdv irfxvhg rq wkh
lqwhusod| ehwzhhq wkh hphujlqj fkdudfwhulvwlfv ri wkh hqgrjhqrxv qhwzrun/ wkh
orqj0uxq shuirupdqfh ri wkh v|vwhp/ dqg wkh nh| sdudphwhuv ri wkh prgho ￿
prvw lpsruwdqwo|/ wkh yrodwlolw| udwh dw zklfk wkh sd|r￿v ri fxuuhqw olqnv lv
xsgdwhg1 Wkurxjk wkh frpsohphqwdu| xvh ri erwk qxphulfdo vlpxodwlrqv dqg
64phdq0￿hog dqdo|vlv/ zh kdyh irxqg wkdw/ zkhq sod|huv*v vwudwhjlf ehkdylru lv
qhwzrun0edvhg/ wkh dufklwhfwxuh ri wkh qhwzrun dgdswv wr lqfuhdvlqj yrodwlolw|
e| ehfrplqj pruh frkhvlyh dqg wkxv lv deoh wr vxvwdlq d kljkhu ohyho ri vrfldo
fdslwdo dqg lqgxfh pruh frrshudwlyh ehkdylru1 Lqvwhdg/ li vwudwhjlf ehkdylru lv
vkdshg lq d vwulfwo| elodwhudo idvklrq +l1h1 lv qhwzrun0iuhh,/ wkh h￿hfw ri yrodwlolw|
lv pxfk pruh dfxwh dqg lwv ghwulphqwdo frqvhtxhqfhv pdqlihvw wkhpvhoyhv pxfk
pruh deuxswo|1
Wkh prgho lv txlwh qduurz dqg vw|ol}hg lq d qxpehu ri uhvshfwv dqg wkhuhiruh
lw frxog eh iuxlwixo wr hqulfk lw dorqj ydulrxv gluhfwlrqv1 Ohw ph frqfoxgh zlwk
vrph vxjjhvwlrqv1
D qdwxudo h{whqvlrq zrxog lqyroyh hqodujlqj wkh vhw ri jdphv xqghu frqvlghu0
dwlrq/ srvvleo| wr rwkhu vruwv ri vlpsoh elodwhudo jdphv +h1j1 frruglqdwlrq jdphv,
ru sod|lqj wkh ￿hog frqwh{wv1 Dorqj wkhvh olqhv/ rqh ixuwkhu srvvlelolw| zrxog
eh wr vxssrvh wkdw/ dv riwhq frqvlghuhg lq wkh olwhudwxuh +uhfdoo wkh suhylrxv
vxppdu|,/ hdfk sod|hu pxvw wdnh wkh vdph dfwlrq lq doo jdphv vkh sod|v1 Wkh
lqwhuuhodwlrq ehwzhhq wkh qhwzrun frqvlghudwlrqv eurxjkw derxw e| wklv fuxfldo
prgl￿fdwlrq dqg wkh lqirupdwlrqdo dvshfwv vwxglhg khuh pd| dgg qryho lqvljkwv
wr h{lvwlqj prghov1
Frqfhuqlqj sd|r￿ yrodwlolw|/ lw zrxog eh lqwhuhvwlqj wr doorz iru wkh +dujxdeo|
uhdolvwlf, srvvlelolw| wkdw wkh uhdol}dwlrqv lqgxfhg e| dq| iuhvk sd|r￿ xsgdwh
pd| eh fruuhodwhg lq vrph glphqvlrq1 Iru h{dpsoh/ wkh sd|r￿v hqmr|hg e| d
sduwlfxodu lqglylgxdo pljkw glvsod| srvlwlyh fruuhodwlrq +srvvleo| xqghuvwrrg dv
wkh uh hfwlrq ri wkh sod|hu*v lglrv|qfudwlf fkdudfwhulvwlfv, ru/ lq d vrphzkdw
srodu yhlq/ wkh sd|r￿ gudzv rewdlqhg e| gl￿huhqw lqglylgxdov frxog lqfoxgh dq
djjuhjdwh frpsrqhqw1 Dq| ri wkhvh prgl￿fdwlrqv lv erxqg wr |lhog lpsruwdqw
lpsolfdwlrqv rq wkh qhwzrun g|qdplfv dqg lwv orqj0uxq dufklwhfwxuh1
Ilqdoo|/ sd|r￿v pljkw eh vxemhfw wr vrph h{rjhqrxv ru hqgrjhqrxv wuhqg1
Frqfhuqlqj wkh ￿uvw srvvlelolw| +dq h{rjhqrxv wuhqg,/ lw zrxog eh lqwhuhvwlqj wr
xqghuvwdqg wkh lpsolfdwlrqv ri ohwwlqj sd|r￿v eh vxemhfw wr vrph qhjdwlyh guliw/
d ￿Uhg0Txhhq skhqrphqrq￿ uh hfwlqj dq rxwvlgh iruzdug0prylqj hqylurqphqw1
Dv iru wkh vhfrqg srvvlelolw| +d hqgrjhqrxv wuhqg,/ lw pljkw eh srvwxodwhg wkdw
wkh sd|r￿v hduqhg e| wkh gl￿huhqw djhqwv pxvw eh vfdohg +ru qrupdol}hg, e|
srsxodwlrq0dyhudjh sd|r￿v ru wkdw qhz sd|r￿v duh gudzq dffruglqj wr d pry0
lqj glvwulexwlrq dqfkruhg wr dyhudjh ru iurqwlhu frqglwlrqv1 Lq hlwkhu fdvh/ d
vxssohphqwdu| frpshwlwlyh suhvvxuh zrxog eh dgghg wr wkh prgho wkdw pd|
zhoo lqwurgxfh qhz frqvlghudwlrqv/ dv zhoo dv hqgrz wkh prgho zlwk d jhqxlqho|






^4‘ Deuhx/ G1 +4<<;,= ￿Rq wkh wkhru| ri lq￿qlwho| uhshdwhg jdphv zlwk glv0
frxqwlqj￿/ Hfrqrphwulfd 89/ 6;60<91
65^5‘ Dxpdqq U1 dqg U1 P|huvrq +4<;<,= ￿Hqgrjhqhrxv irupdwlrq ri olqnv eh0
wzhhq sod|huv dqg frdolwlrqv= dq dssolfdwlrq ri wkh Vkdsoh| ydoxh￿/ lq D1
Urwk +hgv, Wkh Vkdsoh| Ydoxh1 Fdpeulgjh Xqlyhuvlw| Suhvv1
^6‘ Edod/ Y1 dqg V1 Jr|do +5333,= ￿D qrq0frrshudwlyh prgho ri qhwzrun iru0
pdwlrq￿/ Hfrqrphwulfd 9;/ 8/ 44;4045641
^7‘ Ehuqkhlp/ G1 dqg P1 Zklqvwrq +4<<3,= ￿Pxowlpdunhw frqwdfw dqg frooxvlyh
ehkdylru￿/ Udqg Mrxuqdo ri Hfrqrplfv 54/ 40591
^8‘ Exuw/ U1V1 +4<;5,= Wrzdugv d Vwuxfwxudo Wkhru| ri Vrfldo Dfwlrq/ Qhz \run=
Dfdghplf Suhvv1
^9‘ Frohpdq/ M1 V1 +4<;;,= ￿Vrfldo fdslwdo lq wkh fuhdwlrq ri kxpdq fdslwdo￿/
Dphulfdq Mrxuqdo ri Vrflrorj| <7/ V<80V4531
^:‘ Frohpdq/ M1 V1 +4<<3,= Irxqgdwlrqv ri Vrfldo Wkhru|/ Fdpeulgjh/ Pd=
Kduydug Xqlyhuvlw| Suhvv1
^;‘ Gurvwh/ H1/ U1 Jloohv/ dqg N1 Mrkqvrq +4<<<,= ￿Hqgrjhqrxv lqwhudfwlrq dqg
wkh hyroxwlrq ri frqyhqwlrqv￿/ plphr/ Wloexuj Xqlyhuvlw|1
^<‘ Gxuodxi/ V1 Q1 +4<<<,= ￿Wkh fdvh cdjdlqvw* vrfldo fdslwdo￿/ plphr/ Xqlyhu0
vlw| ri Zlvfrqvlq1
^43‘ Hoolvrq/ J1 +4<<6,= ￿Ohduqlqj/ orfdo lqwhudfwlrq/ dqg frruglqdwlrq￿/ Hfrqr0
phwulfd 94/ 437:￿43:41
^44‘ Hoolvrq/ J1 +4<<7,= ￿Frrshudwlrq lq wkh Sulvrqhu*v Glohppd zlwk dqrq|0
prxv pdwfklqj￿/ Uhylhz ri Hfrqrplf Vwxglhv 94/ 89:0;;1
^45‘ J r | d oV 1)I 1Y h j d 0 U h g r q g r+5335,= ￿Qhwzrun irupdwlrq dqg vrfldo frru0
glqdwlrq￿/ plphr/ Hudvpxv Xqlyhuvlw| dqg Xqlyhuvlgdg gh Dolfdqwh1
^46‘ Judqryhwwhu/ P1V1 +4<:6,= ￿Wkh vwuhqjwk ri zhdn wlhv￿/ Dphulfdq Mrxuqdo
ri Vrflrorj| :;/ 46930;31
^47‘ Kddj/ P1 ) U1 Odjxqr￿ +5333,= ￿Vrfldo qrupv/ orfdo lqwhudfwlrq/ dqg
qhljkerukrrg sodqqlqj￿/ plphr/ Ghsduwphqw ri Hfrqrplfv/ Jhrujhwrzq
Xqlyhuvlw|1
^48‘ Mdfnvrq/ P1 dqg D1 Zdwwv +5335,= ￿Rq wkh irupdwlrq ri lqwhudfwlrq qhw0
zrunv lq vrfldo frruglqdwlrq jdphv￿/ Jdphv dqg Hfrqrplf Ehkdylru/ iruwk0
frplqj1
^49‘ Mdfnvrq/ P1 dqg D1 Zrolqvn| +4<<9,= ￿D Vwudwhjlf prgho ri hfrqrplf dqg
vrfldo qhwzrunv￿/ Mrxuqdo ri Hfrqrplf Wkhru| :4/ 770:71
^4:‘ Ndqgrul/ P1 +4<<5,= ￿Vrfldo qrupv dqg frppxqlw| hqirufhphqw￿/ Uhylhz
ri Hfrqrplf Vwxglhv 8</ 960;31
66^4;‘ Ndqgrul/ P1 dqg J1 M1 Pdlodwk dqg U1 Ure +4<<6,= ￿Ohduqlqj/ pxwdwlrq/
dqg orqj uxq htxloleuld lq jdphv￿/ Hfrqrphwulfd 94/ 5<￿891
^4<‘ Pduvlol P1/ I1 Yhjd0Uhgrqgr ) I1 Vodqlqd +5336,= ￿Vhdufk dqg yrodwlolw|
lq hyroylqj qhwzrunv= d phdq0￿hog dqdo|vlv￿/ plphr1
^53‘ Plojudp/ V1 +4<9:,= %Wkh vpdoo0zruog sureohp%/ Sv|fkrorj| Wrgd| 5/9 3 0
9:1
^54‘ Qhzpdq/ P1H1M1/ F1 Prruh/ dqg G1M1 Zdwwv +5333,= ￿Phdq0￿hog vroxwlrqv
ri wkh vpdoo0zruog qhwzrun prgho￿/ Sk|vlfdo Uhylhz Ohwwhuv ;7/ 65340371
^55‘ Sxwqdp/ U1G1 +4<<6,1 Pdnlqj Ghprfudf| Zrun= Flylf Wudglwlrqv lq Prg0
huq Lwdo|/ Sulqfhwrq= Sulqfhwrq Xqlyhuvlw| Suhvv1
^56‘ Vwdqoh|/ K1H1 +4<:4,= Lqwurgxfwlrq wr Skdvh Wudqvlwlrqv dqg Fulwlfdo Skh0
qrphqd/ Qhz \run= R{irug Xqlyhuvlw| Suhvv1
^57‘ Yhjd0Uhgrqgr/ I1 +5335,= ￿Exloglqj Xs Vrfldo Fdslwdo lq d Fkdqjlqj
Zruog￿/ ZS0DG 5335059/ Lqvwlwxwr Ydohqfldqr gh Lqyhvwljdflrqhv Hfrq￿pl0
fdv1
^58‘ Zdwwv G1M1 dqg V1 K1 Vwurjdw} +4<<;,= ￿Froohfwlyh g|qdplfv ri cvpdoo0zruog*
qhwzrunv￿/ Qdwxuh 6<6/ 7730751
^59‘ Zrrofrfn/ P1 +5333,= Xvlqj Vrfldo Fdslwdo= Jhwwlqj wkh Vrfldo Uhodwlrqv
Uljkw lq wkh Wkhru| dqg Sudfwlfh ri Hfrqrplf Ghyhorsphqw/ Sulqfhwrq/
QM= Sulqfhwrq Xqlyhuvlw| Suhvv1
^5:‘ \rxqj/ K1 S1 +4<<6,= ￿Wkh Hyroxwlrq ri Frqyhqwlrqv￿/ Hfrqrphwulfd 94/
8:0;71
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